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Abstract

The CSP (constraint satisfaction problems) is a class of problems deciding whether
there exists a homomorphism from an instance relational structure to a target one.
The CSP dichotomy is a profound result recently proved by Zhuk [19] and Bulatov [7].
It establishes that for any fixed target structure, CSP is either NP-complete or p-time
solvable. Zhuk’s algorithm solves CSP in polynomial time for constraint languages
having a weak near-unanimity polymorphism.

For negative instances of p-time CSPs, it is reasonable to explore their proof com-
plexity. We show that the soundness of Zhuk’s algorithm can be proved in a theory
of bounded arithmetic, namely in the theory V! augmented by three special universal
algebra axioms. This implies that any propositional proof system that simulates both
Extended Resolution and a theory that proves the three axioms admits p-size proofs
of all negative instances of a fixed p-time CSP.

1 Introduction

An important class of NP problems are the constraint satisfaction problems (CSP). We
will give its definition in Subsection but a universal formulation is as follows: in
a constraint satisfaction problem CSP(A) associated with a relational structure A, for
any relational structure over the same vocabulary X the question is whether X can be
homomorphically mapped into A. The problem X 2 A is an instance of CSP(A). A
celebrated theorem of Zhuk [19] and Bulatov [7] states that for each constraint language
A, CSP(A) is either NP-complete or p-time decidable (see [3],[I1] for the history of this
theorem and earlier results and conjectures).

The statement that there is no homomorphism from X into A can be encoded by a
propositional tautology having atoms for the potential edges of a homomorphism. The
size of this tautology, to be denoted ~HOM (X', A), is polynomial in the sizes of X and
A. When CSP(A) is NP-complete we cannot hope to have short propositional proofs (in
any proof system) of formulas ~HOM (X, A) for all unsatisfiable instances X of CSP(A),
as that would imply that NP is closed under complementation. However, when CSP(.A)
is p-time decidable this obstacle is removed.

Zhuk’s algorithm solves polynomial time CSPs and provides a tool for the investigation
of their proof complexity. In fact, for a satisfiable instance X of CSP(.A) the algorithm
produces a homomorphism from X to A as a witness of an affirmative answer. For un-
satisfiable instances, on the contrary, one has no witness to the algorithm’s correctness
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other than its run. Our main result is that the soundness of Zhuk’s algorithm can be
proved in a theory of bounded arithmetic, namely in the theory V! augmented with three
universal algebra axioms. By the soundness here we mean that all negative answers of the
algorithm are correct. Every theory of bounded arithmetic corresponds to some propo-
sitional proof system in the sense that if one proves a universal statement in the theory,
the propositional translations of this statement will have polynomial proofs in the proof
system. Short propositional proofs of the statement ~HOM (X, A) can be considered as
witnesses for negative instances of CSP(A).

To establish the result we uses a modified framework analogous to the framework we
explore for our previous result in [I4]; there we considered a simple example of relational
structures that are undirected graphs (the Hell-NesSettil dichotomy theorem). Atserias and
Ochremiak in [I] studied the relation between universal algebra (and CSP in particular)
and proof complexity.

The paper is organized as follows. In Section[2] we recall the necessary background from
universal algebra, CSP theory, proof complexity, and bounded arithmetic. In Section [3| we
define strong subuniverses and linear algebras, and formulate Zhuk’s four cases theorem
representing one of the main ideas of the whole algorithm. The outline of Zhuk’s algorithm
is presented in Section [d Section [f]is devoted to the soundness of Zhuk’s algorithm and
is divided into three principal parts. In Sections [5.1] - [5.3] we introduce the framework,
formalize most of the notions used in the algorithm, and define a new theory of bounded
arithmetic. In Section [5.4] we prove the soundness of consistency reductions in the theory
V1. Finally, in Sectionwe consider the linear case of the algorithm. The main theorem
is formulated in Section [5.6] and the summary of the proof is presented there.

2 Preliminaries

2.1 Basic notions from universal algebra

This subsection is based on papers [2], [3]. Some definitions and results are adopted from
[3].

For our purpose, we will consider only finite objects. For any non-empty domain A and
any natural number n we call a mapping f : A™ — A an n-ary operation on A. An algebra
A = (A, f1, f2,...) is a pair of a domain A and basic operations fi, fa,... of fixed arities
on A from some signature ¥ = {f1, fa,...}. A constraint language T is a set of relations
on finite domains. A relational structure A = (A, Ri, Ra,...) is a pair of a domain A and
relations Rj, Ra,... on A from some constraint language I' = { Ry, Ro, ...}.

We say that an m-ary operation f : A™ — A preservers an n-ary relation R € A™
(or f is the polymorphism of R, or f is compatible with R, or R is invariant under f) if
f(ai,...,an) € R for all choices of ay, ...,a,, € R. For any constraint language I' and any
set of operations O we will denote by Pol(T") the set of all operations on A preserving
each relation from I', and by Inv(O) the set of all relations on A invariant under each
operation from O.

A term in a signature X is a formal expression that uses variables and composition of
symbols from . The set of all term operations of algebra A = (A, F) is called the clone of
term operations of A, denoted by Clone(A). A well-known theorem from universal algebra
establishes the connection between algebras and relational structures.

Theorem 1 ([]). For any algebra A there exists relation structure A such that Clone(A)
= Pol(A).



In general, any set of operations O on A is a clone if it contains all projections and
is closed under superposition, i.e. for a k-ary operation f € O and m-ary operations
915 .-, gm € O the superposition f[gi, ..., gi] is in O as well. We define Clone(O) to be the
smallest clone containing O. The dual object for relations is the so-called relational clone
— a set of relations I' containing the binary equality relation and closed under primitive
positive definitions (relations defined by relations from I', conjunction, and existential
quantifiers). If we define RelClone(I') to be the smallest relational clone containing T',
then the following theorem expresses a one-to-one correspondence between relational clones
and clones.

Theorem 2 (Galois correspondence for constraint languages).
1. For any finite domain A, any constraint language I' on A, Inv(Pol(I')) = RelClone(T").
2. For any finite domain A, any set of operations O on A, Pol(Inv(0)) = Clone(0O).

For an algebra A a subset B C A is a subuniverse if it is closed under all oper-
ations of A. Given a subuniverse B we can form the subalgebra B < A by restric-
tion of all the operations of A to the set B. Given an algebra A for every subset
X C A we denote by Sg(X) the minimal subalgebra of A containing X, i.e. the sub-
algebra generated by X. If we define a closure operator E(X) to be E(X) = X U
{f(ai,...,a,) : f is a basic operation on A4, ai,...,a, € X}, and EY(X) for t > 0 by
E°(X) = X, E'""Y(X) = E(E*(X)), then

Sg(X)=XUEX)UE*(X)U...

An equivalence relation o on A is a congruence if any term operation on A is compatible
with 0. Two trivial congruences on A are the diagonal relation Ay = {(a,a) : a € A}
and full relation V4 = A%. A congruence is a mazimal congruence if it is not contained
in any other congruence except V4. A congruence o allows one to introduce a quotient,
or factor, algebra A/o. It has as the universe the set of o-classes and the operations
are defined using arbitrary representatives from these classes. Note that the congruence o
forms a subalgebra of A2: applying any term operation to elements from o coordinatewise,
due to the compatibility property, we again get an element from o. In general, any n-ary
relation R on A invariant under all term operations is a subalgebra of A™.

A nonempty class K of algebras of the same type (same signature) is called a variety
if it is closed under subalgebras S(K'), homomorphic images H(K), and direct products
P(K). It is known that the smallest variety containing K is equal to HSP(K). For a
pair of terms s,t over a signature X, we say that a class of algebras K in the signature X
satisfies the identity s & t if every algebra in the class does. For any set of identities = of
the type X, define M (Z) to be the class of algebras K satisfying E. A class K of algebras
is an equational class if there is a set of identities = such that K = M(Z). In this case,
we say that K is defined, or axiomatized, by Z.

Theorem 3 (Birkhoff). K is an equational class if and only if K is a variety. In other
words, classes of algebras defined by identities are precisely those that are closed under

H,S, and P.

2.2 CSP basics

In this section, we will give two different definitions of the Constraint satisfaction problem
(CSP) and will formulate the CSP dichotomy conjecture. Some definitions, examples, and
results are adapted from [3], [19], and [21].



Definition 1 (CSP over finite domains [19]). The Constraint satisfaction problem is a
problem of deciding whether there is an assignment to a set of variables that satisfies
some specified constraints. An instance of CSP problem over finite domains is defined as
a triple © = (X, D, C), where

o X ={x0,...,xp—1} is a finite set of variables,
e D={Dy,...,Dy_1} is a set of non-empty finite domains,
o C={Cy,...,Ci_1} is a set of constraints,

where each variable z; can take on values in the non-empty domain D;, and every con-
straint C; € C' is a pair (Z;, p;) with Z; being a tuple of variables of some length m;, called
a constraint scope, and p; being an mj-ary relation on the product of the corresponding
domains, called a constraint relation. The question is whether there exists a solution to
©, i.e. an assignment to every variable x; such that for each constraint C; the image of
the constraint scope is a member of the constraint relation.

A constraint satisfaction problem associated with constraint language I'; to be denoted
CSP(T"), is a subclass of CSP defined by the property that any constraint relation in any
instance of CSP(I") must belong to T

The equivalent definition of CSP can be formulated in terms of homomorphisms be-
tween relational structures.

Definition 2 (CSP [q]).

o A wvocabulary is a finite set of relational symbols Ry,..., Ry, each of which has a fixed
arity.

o A relational structure over the vocabulary Ry,..., R, is a tuple A = (A4, Rf‘, e Rf)
such that A is a non-empty set, called the universe of A, and each Rg‘l is a relation
on A having the same arity as the symbol R;.

e For X, A, being relational structures over the same vocabulary Ry,..., Ry, a homo-
morphism from X to A is a mapping ¢ : X — A from the universe X to the universe
A such that for every m-ary relation R* and every tuple (21, ..., Z,,) € RY we have

(d(x1), .., (1)) € RA.

Let A be a relational structure over a vocabulary Ry,..., R,. In the constraint satisfaction
problem associated with A, denoted by CSP(.A), the question is, given a structure X over
the same vocabulary, whether there exists a homomorphism from X to A. If the answer
is positive, then we call the instance X satisfiable and unsatisfiable otherwise. We call A
the target structure and X the instance (or input) one.

The idea of translation from the homomorphism form to the constraint form is the
following: consider the domain X of the structure X as a set of variables and every tuple
(1 ey Ty) € RY as a constraint C' = (1 ooy Ty RA). For the translation back, consider
the set of variables X as a domain of the instance structure, the set A as a domain of the
target structure, and each constraint C' = (1, ..., T; RA) as a relation RY on X.

It was conjectured years ago by Feder and Vardi [I1] and recently proved by Zhuk
[19] and Bulatov [7] that there is a dichotomy: each CSP(A) is either NP-complete or
polynomial time solvable. The dichotomy depends on the following. We call an operation
Q on a set A the weak-near unanimity operation (WNU) if it satisfies Q(y, z,z,...,z) =
Qz,y,z,..,z) = ... = Qx,z,...,x,y) for all z,y € A. Furthermore, 2 is called idem-
potent if Q(z,...,x) = x for every x € A, and is called special if for all z,y € A,
Qz, .z, Uz, ..., z,y)) = Uz, ..., x,y).



Lemma 1 ([I7]). For any idempotent WNU operation Q@ on a finite set, there exists a
special WNU operation ' € Clone().

Theorem 4 (CSP dichotomy theorem [19]). Suppose I is a finite set of relations on a set
A. Then CSP(T) can be solved in polynomial time if there exists a WNU operation £ on
A preserving I'; CSP(T") is NP-complete otherwise.

In terms of complexity, instead of I' it is more convenient to consider richer languages
since they considerably reduce the variety of languages to be studied. For example, if
we consider the language RelClone(T") that contains the binary equality relation and is
closed under pp-definitions over I', we do not increase the complexity of the problem since
CSP(RelClone(I")) is log-space reducible to CSP(I'). Note that due to Theorem 2| all
relations pp-definable over I' are invariant under all polymorphisms preserving I.

Apart from pp-definability, there are other modifications of constraint languages that
do not increase their complexity (i.e. allow log-space reduction) such as pp-interpretability,
homomorphic equivalence, and singleton expansion of a core constraint language, see [3].
The beauty of the so-called algebraic approach to CSP is that these modifications to
constraint languages represent classical algebraic constructions. Indeed, homomorphic
equivalence and singleton expansion put together ensure that the algebra corresponding
to the constraint language is idempotent. Pp-interpretations correspond to taking ho-
momorphic images, subalgebras, and products over the algebras of polymorphisms of the
constraint languages, where an algebra of polymorphisms is Pol(I") with elements being
polymorphisms and the operation being a superposition.

It turns out that a constraint language D pp-interpreters a constraint language & if
and only if in Pol(&) there exist operations satisfying all the identities that are satisfied by
operations in Pol(D) [2]. Since a variety of algebras is defined by its identities, the variety
of algebra corresponding to the language D contains the variety of algebra corresponding to
the language £. Thus, pp-interpretability does not change the structure or the properties
of the corresponding algebras.

Pp-constructibility combines all previous modifications.

Definition 3 (Pp-constructibility [3]). A constraint language D over a domain D pp-
constructs a constraint language £ over a domain F if there is a sequence of constraint
languages D = Cy,...,C, = £ such that for each 1 < <k

e C; pp-interprets C;y1, or

e (C; is homomorphically equivalent to C;y1, or

e C; is a core and C; 1 is its singleton expansion.

The last theorem in this section is very useful since it allows one to work with at
most binary constraints, which often simplifies representation and analysis of CSP. For
the sake of clarity, we will further restrict the discussion to constraint languages with at
most binary relations. It must be stressed that all results in the paper can be extrapolated

to any other finite constraint languages (with possibly more tedious representation).

Theorem 5. For any constraint language T' there is a constraint language I such that
all relations in T are at most binary and I' and I pp-constructs each other.



2.3 Characterization of a CSP instance

This subsection introduces some properties of a CSP instance that will be used in Zhuk’s
algorithm [19] and provides their interpretations in terms of constraint languages with at
most binary relations.

We say that a variable y; of a constraint C; = (y1, ..., yx; R) is dummy if R does not
depend on its i-th variable. A relation R C Dy X ... X D,,_1 is subdirect if for every ¢ the
projection of R onto the i-th coordinate is the whole D;. A CSP instance © with a domain
set D is called 1-consistent (or arc consistent) if for every constraint C; of the instance
the corresponding relation R; C D;, X ... X D;, is subdirect. An arbitrary instance can be
turned into 1-consistent instance with the same set of solutions by a simple algorithm [3].

Another type of consistency is related to the notion of a path. Let D, denote the
domain of the variable y € {z1, ..., z,}. We say that the sequence y; —C1 —y2 —... —y;—1 —
Cj—1 —y; is a path in a CSP instance if {y;, y;+1} are in the scope of C; for every i < [ (we
do not care in what order variables y;, y;+1 occur in C;). We say that the path connects b
and c if there exists a; € D,, for every i such that a; = b, a; = ¢ and the projection of C;
onto {y;, yi+1} contains the tuple (a;, a;+1). We say that a CSP instance is cycle-consistent
if it is 1-consistent and for every variable y and a € D, any path starting and ending with
y connects a and a. A CSP instance is called linked if for every variable y occurring in
the scope of a constraint C' and for all a,b € D, there ewists a path starting and ending
with y in © that connects a and b.

A fragmented CSP instance can be divided into several nontrivial instances: an in-
stance is fragmented if the set of variables X can be divided into 2 disjoint sets X7 and
X5 such that each of them is non-empty, and the constraint scope of any constraint of ©
either has variables only from X, or only from Xs. We call an instance © = (X, D, ()
irreducible if any instance ©' = (X', D', C") such that X' C X, D/, = D, for every x € X',
and every constraint of ©’ is a projection of a constraint from © on some subset of variables
from X' is fragmented, or linked, or its solution set is subdirect.

One of the important notions of Zhuk’s algorithm is a weaker constraint: by weak-
ening some constraints we make an instance weaker (i.e. possibly having more solu-
tions). We say that a constraint C; = ((y1,...,4), p1) is weaker or equivalent to a
constraint Cy = ((21,...,25), p2) if {y1,...,yt} € {z1,...,2s} and Cy implies Cy, i.e the
solution set to ©1 = ({21, ..., 2s}, (D, ..., D2,),C1) contains the solution set to ©y =
({z1, ..y 25}, (D3, ... D;.),C2). We say that C is weaker than Cy (denoted C; < Cb)
if C is weaker or equivalent to Co, but Cy does not imply Co. There can be 2 types
of weaker constraints. We say that C; = ((y1,...,u),p1) < Ca = ((#1, ..., 25), p2) with
{y1, .., yt} € {z1,..., 25} if one of the following conditions holds:

1. The arity of relation p; is less than the arity of relation p, and for any tuple
(Gzyy .oy azy) € P2, (Qyy s ...y ay,) € p1.

2. The arities of relations p; and ps are equal and py C p;.

All the above-mentioned properties have simple interpretations in terms of constraint
languages with at most binary relations. Generally, CSP is defined as having a single
common “superdomain” D for all variables. However, even though domains can be all
equal at the beginning, Zhuk’s algorithm will create different domains for individual vari-
ables. We require each D;,i € {0,...,n—1} to be pp-definable over the constraint language
I, i.e. CSP(I") is p-equivalent to CSP(T', Dy, ..., Dy,—1). Any constraint for the CSP in-
stance is either C' = (z;; D;), where D; is a restriction on the domain for the variable x;,
or C = (x;,xy; E%Y). Every unary relation can be viewed as a domain and every binary



relation - as an edge, where the order corresponds to the direction. So it is natural to
refer to these relational structures as some sort of digraphs and to the CSP problem as a
homomorphism problem between relational structures.

In our case, an input relational structure is a classical digraph X = (Vy, Ex) with Vy =
{x1,...,z,}. Let us call a target relational structure a digraph with domains A = (Vs Eji :
0 <i,j <mn), where V3 = {Dq, ..., Dp_1}. The problem is in finding a homomorphism
such that it sends every z; to the domain D; and every edge (z;,z;) € Ex to an edge
(a,b) € E;{ (relations EZ can differ for all 7, j). We will denote the corresponding instance
by © = (X, A).

In this setting, a 1-consistent CSP instance is an instance in which for every edge
(24, xj) from Ey, for any element a € D; there is an element b € D; such that (a,b) € Eji
and vice versa. A variable z; of an edge (x;,z;) € Ex is dummy if for every b € D; such
that there exists a € D;, Ej (a,b), there is an edge (a’,b) € Eji for every a’ € D;. Note

that for a 1-consistent CSP instance this means that E% is a full relation.
Since we work with digraphs, by undirected path or cycle in the paper are meant
any path or cycle with edges not necessarily directed in the same direction. A path

Yo — Co —y1 — ... —yt—1 — Cy—1 — y¢ is an undirected path in digraph X (where some
variables y;,y; can be the same). Consider this path as a separate digraph P, with new
(all different) vertices so — Cy — 1 — ... — s4—1 — Cy—1 — ¢, and consider a homomorphism

H from P; to X such that for each ¢ < ¢, H(s;) = y;. We say that path P; connects
elements b € Dy, and ¢ € D,, if it can be homomorphically mapped to A in such a way
that for each i < ¢t homomorphism H’ : P, — A sends s; to some a; € D,, and H'(sg) = b,
H'(s;) = c. An instance is linked if for any a,b € D, there exists an undirected path
that connects a and b. Cycle-consistency in these terms means that the instance is 1-
consistent and for any a € Dy and any y € {zo,...,2p—1} any undirected path that is a
cycle connects a and a. In other words, an instance is cycle-consistent if any undirected
cycle in X can be homomorphically mapped onto a cycle in A for any element a € D, and
any y € {xo, ..., tn—1} that occurs in this cycle.

(z0,21) € Ex

(z2,21) € Ex

(IQ,I()) S EX

x9 € Dy

Figure 1: Cycle-consistent, non-linked instance.

Compare as examples two CSP instances in Figure [I] and Figure 2l The input di-
graph X is the same for both instances, Vxy = {zo,z1,22}, Ex = {(z0,z1), (22, 21),
(x2,20)}. The first CSP instance has three constraint relations, Egll = {(a,a),(b,0)}),
E?Al = {(d,a), (b,c)}) and E?f = {(d,a), (b,b)}. This instance is cycle-consistent since it
is 1-consistent (each constraint of the instance is subdirect) and for every variable x and
e € D, any path starting and ending with = connects e and e. But it is not linked since,



(wo,71) € Ex
(z2,71) € Ex

(w2,0) € Ex

Figure 2: Linked, not cycle-consistent instance.

for example, there is no path connecting a and b in Dy. However, if we add one more
edge (d,c) to E?', the new instance will be linked. On the contrary, the second instance
in Figure 2] is linked, but not cycle-consistent.

A fragmented instance in terms of digraphs and digraphs with domains is such an
instance where X is a disconnected digraph. Finally, if an instance is not irreducible, then
there exists a subgraph X’ (a digraph formed from subsets of vertices Vi C Vy and edges
Exr C Eyx) such that the resulting instance © = (X7, A) is not fragmented, is not linked,
and its solution set is not subdirect.

Since there are two types of weaker constraints (of less arity or of richer relation of
the same arity), we can weaken the CSP instance © = (X, A) either by removing an edge
(zi,zj) € Ex from X (i.e. by reducing the arity of a constraint) or by adding edges to
a relation Eji (i.e. by making a richer relation of the same arity). The algorithm never
increases the domains.

(Io,ajl) S Ex

(./1727./1:1) S EX

(I27.T0) S EX

Figure 3: Division into linked components.

We conclude this subsection with Lemma [2] to be used further for the formalization of
Zhuk’s algorithm. For an instance © and its variable x let Linked(©, x) denote the binary
relation on D, defined as follows: (a,b) € Linked(©, ) if there exists a path in © that
connects a and b.

Lemma 2 ([19]). Suppose O is a cycle-consistent CSP instance such that every its variable
x € X actually occurs in some constraint of ©. Then for every x € X there exists a path



in © connecting all pairs (a,b) € Linked(©,x) and Linked(©,x) is a congruence.

For example, consider cycle-consistent non-linked instance © in Figure Binary
relation Linked (O, z) divides each domain into two classes: Dy into {a,e} and {b}, D;
into {a, e} and {c}, and D5 into {d} and {b}.

2.4 The theory V!

In this subsection most definitions and results are adapted from [9], [15], [16].

Second-order (or two-sorted first-order) theories of bounded arithmetic use the fol-
lowing setup. The variables are of two kinds: variables x,y, H, ... of the first kind are
called number variables and range over the natural numbers, and variables X,Y, H, ...
of the second kind are called set variables and range over finite subsets of natural num-
bers (which can be represented as binary strings). Functions and predicate symbols can
use both number and set variables, and there are number-valued functions and set-valued
functions. Also, there are two types of quantifiers: quantifiers over number variables are
called number quantifiers, and quantifiers over set variables are called string quantifiers.
The language for the second-order theory of bounded arithmetic is an extension of the
standard language for Peano Arithmetic Lp 4,

£273'.A = {07 17+7 ) ‘ ‘7 =1,=2; Sa e}'

The symbols 0,1,4,-,=1 and < are function and predicate symbols over the number
variables. The function |X| (called the length of X) is a number-valued function and it
denotes the length of the corresponding string X (i.e. the upper bound for the set X).
The binary predicate € for a number and a set variables denotes set membership, and =
is the equality predicate for sets.

Notation 1. We will use the abbreviation X (t) =gey t € X, where t is a number term.
We thus think of X (i) as of the i-th bit of binary string X of length | X]|.

There is a set of axioms 2-BASIC [J] that defines basic properties of symbols from
L%p 4. Here we present only axioms of the second sort:

Definition 4 (2-BASIC, second-sort axioms). The set 2-BASIC for the second-sort vari-
ables contains the following axioms:

1. X(y) =y <|X|
2. y+1=1 |X| = X(y).
3. (| X[ =1 [Y|AVi < |X|(X(3) + X(i))) — X =2Y.
We will skip the indices =1, =2 as there is no danger of confusion.

Notation 2. Sometimes for a set A, an element x and a formula ¢ instead of dr <

|A| A(z) A ¢ and Yz < |A| A(z) — ¢ we will write Iz € A¢p and Vxr € A .

Definition 5 (Bounded formulas). Let £ be the two-sorted vocabulary. If = is a number
variable, X is a string variable that do not occur in an L-number term ¢, then Jz < t¢
stands for Jz(z < t A ¢), Vo < to stands for Ve(z < t — ¢), 3X < t¢ stands for
X (| X| < tA¢) and VX < t¢ stands for VX(|X| < ¢t — ¢). Quantifiers that occur in
this form are said to be bounded, and a bounded formula is one in which every quantifier
is bounded.



Definition 6 (Number Induction axioms). If ® is a set of two-sorted formulas, then
®-IND axioms are the formulas

$(0) AV (p(z) = ¢z + 1)) = Vzg(2), (1)

where ¢ is any formula in ®. The formula ¢(z) may have other free variables than x of
both sorts.

Definition 7 (Number Minimization and Maximization axioms). The number minimiza-
tion axioms (or the least number principle axioms) for a set ® of formulas are denoted by
®-MIN and consist of the formulas

¢(y) = o < y(o(x) A —3H <z ¢(2)), (2)

where ¢ is a formula in ®. Similarly, the number maximization axioms for ® are denoted
by ®-MAX and consist of the formulas

¢(0) =z < y(o(x) A —~TFH < y(z <z A d(2))), 3)

where ¢ is a formula in ®. In the above definitions, ¢ is permitted to have free variables
of both sorts, in addition to x.

Definition 8 (Comprehension axioms). If @ is a set of two-sorted formulas, then ®-COMP
is the set of all formulas

VedX <zVy<zye X = o(y), (4)

where ¢ is any formula in ®, and X does not occur free in ¢(y). The formula ¢(y) may
have other free variables than y of both sorts.

Finally, we can define the theory V!, which is the key theory for our work.

Definition 9 (The theory V). Eé’b = Hé’b—formulas are formulas with all number quan-
tifiers bounded and with no set-sort quantifiers. Classes E}’b and Hi’b are the smallest
classes of £2p 4-formulas such that:

Loxgtuty? c st ngt,
2. both Z%’b and Hi’b are closed under V and A,
3. the negation of a formula Z%’b is in H}’b and vice versa,
. 1,b Lb
4. if ¢ € ¥;7, then also 3X <t¢ € X7,
. 1,b 1,b
5. if ¢ € II;", then also VX <t¢ e II;".
The theory I E(l)’b is a second-order theory and it is axiomatized by 2-BASIC and the

IND scheme for all E(l]’b—formulas. The teory V° expands I E(l)’b by having also bounded
1,b

comprehension axioms E(l)’b—CA. The theory VY is a conservative extension of I3;” with
respect to Zé’b—consequences: if v is a Eé’b—formula and V7 proves its universal closure,
so does [ Z(l)’b. Finally, the theory V! extends V° by accepting the IND scheme for all

E}’b—formulas.
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2.5 Auxiliary functions, relations, and axioms in V!

In this subsection, we will present some general auxiliary functions and relations, which
help to express the bounds of the theory V1.
For any two sets A, B, we say that a set B is a subset of A if

subS(B,A) < |A| =|B|AVi < |B|(B(i) = A(7)). (5)
We say that a set B is a proper subset of A if

PsubS(B, A) <= |A| = |B| AVi < |B| (B(i) — A())A
3j < |A|, B(G) A Ji < |Al, AG) A ~B(i).

If z,y € N, we define the pairing function (x,y) to be the following term

(5, y) = (w+y)(9;+y+1)+y. 7

One can easily prove in V? that for the pairing function the following is true:

o Va1, 22,y1,y2 ((z1,y1) = (%2, y2) = 1 = 22 Ay1 = y2),

b szll‘,y ((x,y} = Z)?
« Vo,y (z,y < (2z,9) < (z+y+1)?).

We can iterate the pairing function to code triples, quadruples, and so forth for any k,
inductively setting

(1,29, oy xp) = (. ({x1,22), 3), ..., Tk), (8)

where

o V1,29, .., ) X1, T2, ooy T < (1,22, .o, k) < (T1 + T2 + ... + 3 + 1)2k.
We refer to the term (1, 22, ..., k) as the tupling function.
Notation 3. For any set H, m > 2: H(x1,...,om) =dey H((Z1, ..., Tm)).

We will use the tupling function to code a function as a set. We can then express that
H is a function from sets X, ..., X,, to a set Y by stating

Vo € X1, ...,Ve, € X3y €Y H(xq, .oy Tny y).

We will abbreviate it as Z : Xy,...,X,, — Y and H(z1,...,2,) = y. Using the pairing
function (or encoding of k-tuples), with finite sets we can also code binary (or k-ary)
relations. Finite functions can be represented by their digraphs. For example, to represent
an mxn matrix A with natural number entries we think of it as of a function from [m] x [n]
into N. The matrix is thus encoded by the set A(3,j,a), and we write A;; = a for the
corresponding entry.

We say that a set H is a well-defined map between two sets A, |A| =n and B, |B| =m
if it satisfies the relation

MAP(A,n,B,m,H) <= Vie A3j € BAH(i) = jA

9
Vi € AVj1,j2 € B(H(i) = j1 A H(i) = j2 — j1 = j2)- ®)

11



The counting axiom allows one to count the number of elements in a set. Given a set
X, the census function #X (n) for X is a number function defined for n < |X| such that
#X(n) is the number of z < n, x € X. Thus, #X(|X]|) is the number of elements in X.
The following relation says that #X is the census function for X:

Census(X,#X) < #X < (|X|,|X|) A#X(0) =0 AVz < |X]|

(zeX o#X(x+1)=#X(x)+ 1A ¢ X - #X(x+1) =#X(x)). (10)
Lemma 3. For any set X, V! proves that there exists its census function.
Proof. Given any set X, consider E%’b—induction on n < |X| for the formula
¢p(n)=3H < (n,n) HO) =0AV0 <z <n ()
(reX—>H@x+1)=Hx)+1ANx¢ X - H(z+1)=H(x)).
O

We will now remind the reader a few well-known number-theoretic functions and re-
lations, mainly to fix the notation. They are all definable in a weak subtheory of V! and
the stated properties are proved in [9],[I5]. The relation of divisibility can be defined by
the formula

zly <= Jz <y(rz=y). (12)
We say that p is a prime number if it satisfies the relation
Prime(p) <= 1 <pAVy <pVz <p(yz #p). (13)

It is easily seen that V! proves that any > 0 is uniquely representable by a product of
powers of primes. The limited subtraction a —b = max{0,a — b} can be defined by

c=a—-b+—(b+c=a)V(a<bAc=0)), (14)
and the division |a/b| for b # 0 can be defined as follows:
c=la/b] +— (be<aAa<blc+1)). (15)
Finally, the remainder of a after being divided by p can be defined by the formula
amodp =a = (p-a/p)). (16)

We say that two numbers are congruent modulo p, denoted ¢; = ca(modp) if ¢y modp =
comod p. It means that if ¢; < cg, then

cr—(p-ler/p)) =ca—(p- [c2/p)),

62— e1 = pllea/n] = Ler/p)), (a7

i.e. the difference cy — ¢ is divisible by p. Note that it is straightforward to show in V!
that for all 21 = z2(mod p) and y; = ya2(modp),

(z1+y1) = (22 + y2)(modp),

(z1y1) = (z2y2)(modp). (18)
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3 Zhuk’s four cases

One of the two main ideas of Zhuk’s algorithm is based on strong subalgebras. In this sec-
tion we will give the definitions of absorbing subuniverse, center and central subuniverse,
and polynomially complete algebra and briefly mention their main properties. Further,
we consider the notion of linear algebras as introduced in [19] and give two elementary ex-
amples of relational structures corresponding to linear algebras. Finally, we will formulate
Zhuk’s four-cases theorem.

3.1 Absorption, center and polynomial complete algebras

If B = (B, Fp) is a subalgebra of A = (A, Fy), then B absorbs A if there exists an n-ary
term operation f € Clone(Fy) such that f(ai,...,a,) € B whenever the set of indices
{i : a; ¢ B} has at most one element. B binary absorbs A if there exists a binary term
operation f € Clone(Fy) such that f(a,b) € B and f(b,a) € B for any a € A and b € B.
If A = (A,Q,4) is a finite algebra with a special WNU operation, then C' C A is a
center if there exists an algebra B = (B, p) with a special WNU operation of the same
arity and a subdirect subalgebra D = (D,Qp) of A x B such that there is no nontrivial
binary absorbing subuniverse in B and C' = {a € A|Vb € B : (a,b) € D}. Every center is
a ternary absorbing subuniverse. A weaker notion, suggested by Zhuk in [20], is a central
subuniverse. A subuniverse C' of A is called central if it is an absorbing subuniverse and
for every a € A\C we have (a,a) ¢ Sg({a} x CUC x {a}). A central subuniverse has all
the good properties of a center and can be used in Zhuk’s algorithm instead of the center.
Both algorithms, with the center or central universe, will correctly answer whether an
instance has a solution, or not.
For any set A denote by O,(A) the set of all n-ary operations on A. The clone
of all operations on A is denoted by O(A) = {O,(A)ln > 0}. An n-ary operation f
on algebra A = (A, F4) is called polynomial if there exist some (n + t)-ary operation
g € Clone(F4) and constants ay, ...,a; € A such that for all x1,...,x, € A, f(x1,....,25) =
9(Z1,y .oy Ty, a1, ..., ). Denote the clone generated by F4 and all the constants on A (i.e.
the set of all polynomial operations on A) by Polynom(A). We call an algebra A = (A, Fy)
polynomially complete (PC) if its polynomial clone is the clone of all operations on A, O(A).
In simple words, a universal algebra A is polynomially complete if every function on A with
values in A is a polynomial function. A classical result about polynomial completeness
is based on the following notion. The ternary discriminator function is the function ¢
defined by the identities
2T =Y,
tey.2) = {:c, T # .

Then Theorem [0] gives a necessary and sufficient condition of polynomial completeness.

Theorem 6 ([5]). A finite algebra is polynomially complete if and only if it has the ternary
discriminator as a polynomial operation.

3.2 Linear algebras: properties and examples on digraphs

Definition 10 (Linear algebra, [19]). An idempotent finite algebra A = (A, Q2), where
Q) is an m-ary idempotent special WNU operation, is called linear if it is isomorphic
to (Zp, X ... X Zp,,x1 + ... + =) for prime (not necessarily distinct) numbers pq, ..., ps.
For every finite idempotent algebra, there exists the smallest congruence (not necessarily
proper), called the minimal linear congruence, such that the factor algebra is linear.
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To understand how linear algebras appear in Zhuk’s algorithm, and to establish some
of their properties, we consider the notion of an affine algebra. An algebra A = (A, F)
is called affine if there is an abelian group A’ = (4,0, —,+) such that the relation R =
{(z,y,2,u) : (x+y = z+u)} is preserved by all operations of A [I2]. Affine algebra is
polynomially equivalent (has the same polynomial clone) to a module. It means that each
term operation of algebra A is affine with respect to the abelian group A’, i.e. to say, for
any given n-ary operation f € F there are endomorphisms «g, ..., a, of A and an element
a € A such that f can be expressed identically as in [12]:

flx1, .y xn) = Zai(xi) + a.
i=1

The following lemma establishes one important property of an affine algebra in case there
is an idempotent WNU operation on A. We will provide its proof as in [18], to make some
notes further.
Lemma 4 ([I8]). Suppose A’ = (A,0, —,+) is a finite abelian group, the relation R C A*
is defined by R = {(z,y,z,u) : (x +y = z+u)}, R is preserved by an idempotent WNU
m-ary operation Q. Then Q(z1,...xy) = txy + ... + tay, for somet € N.
Proof. Define h(z) = (0,0, ...,0,2). We will prove the equation

Q(:El, ey iy 051y O) = h(xl) + ...+ h(ﬂfz)

by induction on i. For m = 1 it follows from the definition and properties of WNU. We
know that

r1 T2 ... x; ZTig1 O 0
0O 0 .. 0 0 0 0

2 ry x2 ... z; 0 O 0 € R
0 0 0 Ti+1 0 0

is in R, which by the inductive assumption gives
Q(:L‘l, ey Tiy Tig1, 04 ooy 0) = Q({L‘l, ey 3, 0,0, .0 0) + h(xz'—i-l) =
= h(l’l) + ...+ h(:E@) + h(xH_l).

We thus know that Q(z1,...,2m) = h(z1) + ... + h(x,). Let p be the maximal order
of an element in group A’ = (A,0,—,+). Then for any element a in A, the order of a
divides p, and in particular pa = 0. For every a € A we have h(a) + h(a) + ... + h(a) =

(19)

m
Q(a,a,...,a) = a. Thus, for any element a # 0, m - h(a) # 0, hence m does not divide
an order of any element in A’ and therefore m and p are coprime. Hence m has the
multiplicative inverse modulo p and there is some integer ¢ such that tm =1, m - h(x) =
h(z)/t = x, and h(x) = tz for every x. O
If we additionally assume that Q is special (by Lemma , then £ = 1:
ANz, .oy, Uz, ... 2, y)) = Qz, ..., x,y),
tr + ...+t +tQ(x, ..., z,y) = tx + ... + tx +ty,
—— ——

m—1 m—1
t(tr + ...1+ tz +ty) = ty, (20)
e

te +...+te+Hty+te =y +tx
1
e

THty=y+tr = t=1
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Consider any finite affine algebra A. Due to the well-known Classification theorem [13]
every finite abelian group is isomorphic to a product of cyclic groups whose orders are all
prime powers. Thus A = 7, X...XZj,rs for some not necessarily distinct primes py, ..., ps.
If p is the maximal order of an element in A’ then, by the above proof, m = 1(modp).
Therefore, since every p; has to divide p, every p; also divides (m — 1). If there is an
idempotent WNU operation on A, then there exists the minimal linear congruence o such
that A /o is isomorphic to a linear algebra.

Finally, we will formulate and prove an important theorem used in Zhuk’s algorithm.

Theorem 7 (Affine subspaces [19]). Suppose that relation p C (Zp,)™ X ... X (Zp, )™ is
preserved by x1 + ... + Ty, where p1, ..., pi are distinct prime numbers dividing m — 1 and
Lp; = (Zp;, 21 + ... + ) for every i. Then p = Ly X ... X Ly, where each L; is an affine
subspace of (Zp,)™.

Proof. We first derive a ternary operation on every Z,, .

flx,y,2) =2 —y+ 2z (modp;) = Qx, 2,0,...,0) + Uy, ...,y,0,0) = (21)

=z+z+y+..+y=Qz 29, ...,9).
Thus, f(z,y,z) preserves p. Now consider the relation p C (Zy, )™ x ... X (Zp,)™ and
choose any element a € p. The set V = {v|a + v € p} obviously contains 0. Moreover, it
is closed under +. Consider any vy,vs € ‘7, a+vi,a+ vy € p. Then vy + vy € V since
fla+wv,a,a+ v2) = a+ vy +ve € p. Thus, V is a linear subspace and p is therefore an
affine subspace. O

In the remainder of this subsection we will give two elementary examples of constraint
languages corresponding to linear algebras. We will consider classical digraphs, relational
structures with unique binary relation of being an edge. Due to Theorem I} each relational
structure A corresponds to an algebra A such that Clone(A) = Pol(.A). We can assume
that for both CSP instances there is a special WNU operation €2 of some arity m, which
is a polymorphism for all constraint relations.

X x1 A
a b
—————
i) )

Figure 4: Example 1.

Consider CSP(A), where A = (Vy4, E4) is the digraph on two vertices and E4 =
{(a,b)}. An instance of CSP(A), depicted in Figure 4} is the digraph X = (Vx, Ex),
where Vy = {zg,x1,22} and Ex = {(zg,21), (z1,22)}. It is obvious that there is no
homomorphism from X to A. Let us define a 3-ary operation €2 on V4 as follows:

Qa,a,a) =a, Qb,b,b) =0,
Q(b,a,a) =Qa,b,a) = Qa,a,b) =b, (22)
Q(a,b,b) = Q(b,a,b) = Q(b,b,a) = a.
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Q) preserves E 4 and is clearly idempotent, WNU and special:

Q(a,a,Qa,a,b)) = Qa,a,b) =b, (23)
Q(b,b,Q2(b,b,a)) = Qb,b,a) = a.
We can define an operation + on V4 as (a+xz) = (x+a) = z (i.e. ais zero) and (b+b) = a
(i.e. bis an inverse element to itself). Hence A = (Vy, +) is a finite abelian group, namely
Zo, and the algebra (Vy4, ) is isomorphic to linear algebra (Za, x + y + 2).
The instance has two constraints, Ex (o, 1) C Zgo X Zg and Ex(x1,22) C Zg X Zo.
Since E4 = {(a,b)} is an affine subspace of Zy x Zy, we can express constraints as a
conjunction of the linear equations

E;((.%o, :Ul) < {

8

=
I

o

r1 = a,

E/\((.%l,l‘z) <~ { o -

The instance can be viewed as a system of linear equations in different fields and it has
no solution.

Now consider a different example in Figure [5] where A = (V4, E4) is the digraph on
two vertices with E4 = {(a,b),(b,a)}, and the instance digraph X = (Vy, Ey) is the
same.

X T A

<>

ity )

Figure 5: Example 2.

Since the constraint relation E 4 is still preserved by above defined €2, (V4, Q) is iso-
morphic to (Zz,x 4+ y + z). But E4 differs from the relation in the previous example, so
we can express constraints as the linear equations

Ex(:bo,$1) <~ x0+I1 :b; (24)
Ex(z1,22) <= x1+22="0.

This system has two solutions, S; = {z¢g = z2 = a,x; = b} and Sy = {zg = x2 = b,z =

a}, and the instance is therefore satisfiable.

3.3 Zhuk’s four-cases theorem

Zhuk’s algorithm is based on the following theorem:

Theorem 8 ([19]). If A is a nontrivial finite idempotent algebra with WNU operation,
then at least one of the following is true:

e A has a nontrivial binary absorbing subuniverse,
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e A has a nontrivial centrally absorbing subuniverse,
e A has a nontrivial PC quotient,

e A has a nontrivial affine quotient.

4 Zhuk’s algorithm

Here we will briefly sketch the leading ideas of Zhuk’s algorithm without any details.
All details necessary for the formalization will be given directly in the corresponding
subsections. For more information we send the reader to the original paper [19].

In this section we will consider an arbitrary constraint language (since the algorithm
is designed for all finite languages). Before running the algorithm, it is necessary to make
a slight modification of the constraint language. Suppose we have a finite language I"
that is preserved by an idempotent WNU operation €2'. By Lemma (1, I” is therefore also
preserved by a special WNU operation Q. Let k' be the maximal arity of the relations
in IV and denote by I' the set of all relations of arity at most &’ that are preserved by €.
Hence all pp-definable relations of arity at most &’ are in ', and CSP(I") is an instance of
CSP(I).

The common property of all parts of the algorithm is that any time when it reduces
or restricts domains, the algorithm uses recursion.

4.1 Outline of the general part

The key notion of the general part of Zhuk’s algorithm is reduction, which is divided into
several procedures. Consider a CSP instance of CSP(I"), © = (X, D, ). In this part, the
algorithm gradually reduces different domains until it terminates in the linear case. At
every step, it either produces a reduced domain or moves to the other type of reduction,
or answers that there is no solution (if some domain is empty after one of the procedures).
After outputting any reduced domain, the algorithm runs all from the beginning for the
same instance © but with a smaller domain D’.

First, the algorithm reduces domains until the instance is cycle-consistent. Then it
checks irreducibility: again, if the instance is not irreducible, the algorithm can produce a
reduction to some domain. The next step is to check a weaker instance that is produced
from the instance by simultaneously replacing all constraints with all weaker constraints:
if the solution set to such an instance is not subdirect, then some domain can be reduced.

After these types of consistency, the algorithm checks whether some domains have a
nontrivial binary absorbing subuniverse or a nontrivial center. If any of them does, the
algorithm reduces the domain to the subuniverse or to the center. Then it checks whether
there is a proper congruence on any domain such that its factor algebra is polynomially
complete. If there is such a congruence, then the algorithm reduces the domain to an
equivalence class of the congruence.

By Theorems [9] [10] and proved by Zhuk in [19], if the reduced instance has no
solution, then so does the initial one.

Theorem 9 ([19]). Suppose O is a cycle-consistent irreducible CSP instance, and B is a
nontrivial binary absorbing subuniverse of D;. Then © has a solution if and only if © has
a solution with x; € B.

Theorem 10 ([19]). Suppose © is a cycle-consistent irreducible CSP instance, and B is a
nontrivial center of D;. Then © has a solution if and only if © has a solution with x; € B.
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Theorem 11 ([19]). Suppose © is a cycle-consistent irreducible CSP instance, there does
not exist a nontrivial binary absorbing subuniverse or a nontrivial center on D; for every
J, (D, ) /0o; is a polynomially complete algebra, and E is an equivalence class of ;. Then
O has a solution if and only if © has a solution with x; € E.

Finally, if the algorithm cannot reduce any domain of the CSP instance © any further,
by Theorem |8 it means that every domain D; of size greater than 1 has a nontrivial affine
quotient. Since we consider the special WNU operation (), for every domain D, there
exists a congruence o; such that (D;,Q)/o; is isomorphic to (Zy, X ... X Zp,, 21+ ... + Ty,
for some prime numbers pq, ..., p;. The algorithm then proceeds with procedures embraced
in the linear case.

4.2 Outline of the linear case

The linear case of Zhuk’s algorithm is adopted from [19]. Suppose that on every domain
D; there exists the proper minimal linear congruence o; such that (D;, 2)/o; is linear, i.e.
isomorphic to (Zp, X ... X Zp,,x1 + ... + ) for some prime numbers py, ..., p;, where m is
the arity of €.

Denote each D;/o; by L; and define a new CSP instance ©7, with domains Ly, ..., L,
as follows: to every constraint (zj,...,7;,;R) € © assign a constraint (z},...,2] ; R'),
where R’ € L;; x ... x L;, and a tuple of blocks of congruences (Ey,...,FEs) € R <
(Eq X ... X Es) N R # ). From now we will refer to the instance © as the initial instance,
and to Oy as the factorized one.

Since each L; = D;/o; is isomorphic to some Zg, X ... X Zg,, we can define a natural
bijective mapping v : Zy, X ... X Zy, — L1 X ... X L,, and assign a variable z; to every Z,,.
By Theorem [7| every relation on Zj,, X ... X Zj, preserved by Q(z1,...,zm) =21+ ... + Tpy
is an affine subspace, the instance ©y, can thus be viewed as a system of linear equations
over 21, ..., . Every linear equation is an equation in Z,,, and only variables ranging over
the same field Z,, may appear in one equation.

The algorithm compares two sets: the solution set to the initial instance © factorized
by congruences (let us denote it by Sg/X) and the solution set to the factorized instance,
Se, . It is known that Sg /% C Sg,. We do not know Sg/%, but we can efficiently calcu-
late Sg, using Gaussian Elimination (since Gaussian Elimination is strongly polynomial
[10]). If ©f has no solution, then so does the initial instance. If the solution has no
independent variables (i.e. there is only one solution and the dimension of the solution
set is 0), the algorithm checks whether the initial instance © has the solution correspond-
ing to this solution by restricting every domain D; of © to the corresponding congruence
blocks and recursively calling the algorithm for these smaller domains. Otherwise, the
algorithm arbitrarily chooses independent variables y1, ..., yr of the general solution to O,
(the dimension of the solution set Sg, is k).

The set Sg, can be defined as an affine mapping ¢ : Zg, X ... X Zg, — L1 x...x L,. Thus,
any solution to O, can be obtained as ¢(ay, ..., ax) for some (ai,...,a;) € Zg, X ... X Zg, .

The algorithm denotes an empty set of linear equations by Eq. The following steps
will be repeated until the algorithm either finds a solution or answers that Sg /X is empty.
The idea is to add equations iteratively to the solution set Sg, maintaining the property
Se/X C Se, U Eq. Since the dimension of Sg, is k, and at every iteration the algorithm
reduces the dimension by at least one, the process will eventually stop.

First of all, the algorithm checks whether © has a solution corresponding to ¢(0, ..., 0)
by recursively calling the algorithm for smaller domains. If it does, the algorithm stops
with a solution, if it does not, it has established the property So/¥ C Se,. Then the
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Figure 6: Solution sets.

algorithm starts to decrease the solution set Sg, . It always starts with the initial instance
O, gradually makes it weaker and at every weakening checks whether the solution set to
this new weaker instance is equal to Sg, .

To make © weaker, the algorithm arbitrarily chooses a constraint C' and replaces it
with all weaker constraints without dummy variables simultaneously. Let us denote this
instance by ©’. To check whether the solution set Sg//% to ©' factorized by congruences
is equal to Sg, , one needs to check whether ©’ has solutions corresponding to ¢(ay, ..., a)
for every (a1, ...,ax) € Zg, X ... X Zg, (using recursion for smaller domains). Since Sg//%
and Sg, are subuniverses of L; x ... X Ly, it is enough to check the existence of solutions
corresponding to ¢(0,...,0) and ¢(0, ..., 1,...,0) for any position of 1. If the solution set
to the weaker instance ©’ does not contain Sg, , the algorithm proceeds with weakening
the instance ©’ step by step until it cannot make the instance weaker without obtaining
Se, € Se//X (at this point the algorithm checks that whichever constraint it weakens,
every solution to ©, will be a solution to ©). It means that there exists some (by, ..., bg)
€ Zg, X ... X Lg, such that ©" has no solution corresponding to ¢(b1,...,b;). However,
if we replace any constraint C' € O with all weaker constraints simultaneously, then we
get an instance that has a solution corresponding to ¢(aq,..,ax) for every (aq,...,ax) €
Lgy X .. X L.

Finally, the algorithm finds the solution set Sg//3 to the instance © factorized by
congruences by finding new equations additional to the set Sg,. There are different
strategies for linked and non-linked instances ©'. For linked instance, it is known that
Se/¥ C Se, is of codimension 1, so we can find only one equation and add it to Sg, . For
non-linked instance ©’ we find all equations that describe Sg/ /X, and then intersect these
equations with Sg, (see [19]). After new equations are found, the algorithm adds them
to the set Eq, solves Sg, U Eq using Gaussian Elimination, and runs another iteration.

Remark 1. By Theorem([7} So, C (Zp,)™ X ... x (Zy, )" is an affine subspace. The solution
set So/% to the initial instance factorized by congruences is also an affine subspace: the
relation that describes it is a subset of Sg, , i.e. it is also preserved by 2. Moreover, when
we consider the solution set Sg/ /Y to the weaker instance © factorized by congruences,
it is also an affine subspace since all weaker constraints are in I'.

5 Soundness of Zhuk’s algorithm in a theory of bounded
arithmetic

To prove the soundness of Zhuk’s algorithm in some theory of bounded arithmetic, it
is sufficient to prove that after every step of the algorithm one does not lose all the
solutions to the initial instance. Consider any relational structure 4 with at most binary
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relations and some negative instance © = (X, A) of CSP(A), and suppose that there is a
homomorphism from X to A. If the elected theory of bounded arithmetic proves that after
every step of the algorithm the new modified instance has solutions only if the previous
one does, and the algorithm terminates with no solution, then the theory proves - by its
level of bounded induction - that X is unsatisfiable, and hence that ~HOM (X, A) is a
tautology.

Consider computation of the algorithm on (X, A), W = (Wy, W, ..., W},), where:

o« W1 =(X,A);

o Wit1 = (X1, Aip1) is obtained from W; = (X, A;) by one algorithmic step (X;;1
and A;;1 are some modifications of relational structures Aj, A4;);

e W} has no solution.

We need to prove, for all types of algorithmic modifications, that if W; has a solution,
then W;,1 also has a solution. This will prove that if the algorithm terminates with no
solution, then there is no homomorphism from X to A. Note that it is unnecessary to prove
the opposite direction when considering soundness. Moreover, neither it is necessary to
prove that the algorithm is well-defined. The transcription of the algorithm’s computation
can include all auxiliary necessary information.

In the formalization of the algorithm we will incorporate some modifications and ad-
justments suggested by Zhuk in his later paper [20]. We also sometimes will omit some
intermediate steps and other technicalities not affecting the result. We will explicitly
highlight all points that distinguish this version of the algorithm from the original one.

In the paper we shall prove the soundness of Zhuk’s algorithm in a new theory of
bounded arithmetic, namely V! augmented with three universal algebra axioms, which
will be defined in the next section.

5.1 Defining a new theory of bounded arithmetic

In this section we will define a new theory of bounded arithmetic that will extend the theory
V1. Before moving to this section, we recommend that the reader recall subsections

and

5.1.1 Arrangements before the run of the algorithm

We will consider only relational structures that contain at most binary relations, and
algebras corresponding to them, see Theorem |5l The algorithm works for any finite algebra
having a WNU term and uses the fact that this term and all the properties of the algebra
are known in advance. From here on out we fix algebra A = (A, 2) and suppose that the
only basic operation on A is idempotent special WNU operation 2. Algebras with richer
signatures can be treated in a similar way, extending all conditions imposed on €2 to other
(know in advance) basic operations.

Since at the beginning Zhuk’s algorithm adds to a constraint language I' all relations
preserved by €2, of the arity up to the maximal arity of relations in I', we will consider the
finite set of all relations of arity at most 2, invariant under 2, which we know in advance.
Let us denote this set by I' 4, and the relational structure by A = (A,T" 4). Any time when
in formulas we claim something about this set, it means that we claim this about each
relation in this set.

A new theory of bounded arithmetic will extend the theory V!. Before we introduce
this theory, we need to define in V! notions from different areas of mathematics.
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5.1.2 Encoding relational structure

We encode the finite universe A of size [ by the set A,Vi < 1, A(i), and I' 4 as a pair of sets
(T'L,T%) where I'Yy is the set which encodes all unary relations from I' 4, and I'%; encodes
binary relations,

rY(j,a) <= Djl»(a) and T%(i,a,b) <= FEZ(a,b).

Note that in the list of I' 4 there are all possible subalgebras of A (i.e. all possible domains
and strong subsets), and all possible pp-definitions constructed from unary and binary
relations preserved by 2. When consider a subset D of A, we will denote by I'p the set of
unary and binary relations from I" 4 restricted to the set D.

Among binary relations 1?4 there are all congruences on A and on all its subalgebras.
Let us denote this set by > 4. Since for any subalgebra D any congruence of A is also a
congruence of I, the formula

Dj(a) A Dj(b) A S 4(i,a,b)
defines a congruence on some ). The number of all possible congruences on A is bounded
by 2141%,
5.1.3 Encoding special WNU operation and polymorphism

We can define a special WNU operation of fixed arity m on some set A in the theory V!
in several steps. We say that a set F' is an m-ary operation F' : A™ — A on a set A if it
satisfies the relation

OP,(F,A) < Vzo,....e;m—1 € A,Fy € A, F(x0,...,; Tm—1) = YA

(25)
AVy1,1y2 € A (F(l’o, ...,xmfl) =1y AN F(xo, ...,SL‘mfl) =Y > Y1 = yg).
An idempotent operation F' is defined straightforwardly:
IDM,,(F,A) <= OP,(F,A) AVa € A F(a,a,...,a) = a. (26)

We say that a set 2 is a WNU operation of arity m on the set A if it satisfies the relation

wNUp, (2, A) <= OP,(Q,A) AVa,be A, Jc € A Vxg,....,xm—1 € A

/\(mt:a/\Vj;&t<m, xrj =b— Qx0,..., Tm-1) = C). (27)
t<m
A special WNU operation is defined as follows:
SwNU, (R, A) < wNU,, (2, A) N IDM,, (2, A) (28)

Va,be A,Jc € A, Qa,...,a,b) = cAQa,...,a,c) = c.

Since we work with relations of arity at most 2, we will define polymorphisms only for
relations of this arity. We say that a set F' is an operation of arity m on the set A that
preserves 2-ary relation R on A if it satisfies the following relation

Polya(F, A R) <= OPy,(F,A)AVd),....,a" ' ad,....a "t € A,
Vb1, by € A, R(a%,ad) A ... A R(aT L a A (29)
AF (Y, ...,a"™) = by A F(aY, ..., a3 t) = by — R(by, b).
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Finally, operation F' preserves 1-ary relation R on A if
Polym1(F, A, R) <= OP,(F,A) AVd’a',....a™ ! € A,
Vb e A R(a®) A ... A R(a™ YA (30)
AF(d® ...,a™ ') = b — R(b).

We will omit the second index i in Pol,, ; when we refer to the whole set of relations I" 4.

5.1.4 Encoding notions from universal algebra

A finite algebra with special WNU operation of size [ is a pair of sets A = (A4, 2), where
|A| =1, A(i) for every i, and Qis a ((m+1)1)2""" set representing a special WNU operation
on A. We will call this pair a Taylor algebra and denote it by T A(A,2). From here on
out under algebra we mean Taylor algebra. We say that B = (B, () is a subalgebra of
algebra A if

subTA(B,A) <= |B|=|A|AVi<I,B(i) — A(i) N SwNU(Q, B). (31)
Note that condition SwNU (2, B) ensures that B is closed under operation Q. The differ-

ence between fixed algebra A and all its subalgebras and factor algebras is that the size of
all these objects is bounded by [, but since it is not necessary that for all i < [, B(7), we
will measure their size by census function, #B(l). We say that a pair of sets B = (B, ) is
a direct product of k algebras Ay = (Ao, Qo), ...,Ap—1 = (Ak—1,Qk—1) of the same type if
DPm’k(B, Q, AQ, Qo, R Akfl, Qkfl) <~ Vao S Ao, ey Qp—1 € Akfl,
B(ag, ...,ax_1) AVap, a2, ....ad" € Ag, ...,k 1,05 _1,...,a" 1 € Ap_1 (32)
Qap, a2, ....al",...,ap_1,a3_1,...,a" ) =
= (Qo(ad, a2, ...,al"), ..., U_1(a}_1,a2_1,...,a" ).
We will denote (B, Q) by (AgX...x Ak_1,). A subdirect k-ary relation R on Agx...xX Ax_1
is encoded as follows:
SubDRk(R,Ao, ...,Akfl) = /\ Va; € A,-,Hao € A(), Qi1 € Az‘_l,
i<k (33)
a1 € Aig1, ., ap—1 € Ag_1, R(ao, ..., a1, a4, iy 1, .., Q—1.)
We say that a set o < [2 is a congruence relation on the algebra A = (A, ) if it satisfies
the following relation
Congm(A,Q,0) <= Polp2(Q2, A, 0)A
Va € A, o(a,a) ANVa,b e A, (o(a,b) < a(b,a))A (34)
(Va,b,c € A, o(a,b) No(b,c) — o(a,c)).
Condition Pol,, 2(Q2, A, o) ensures that o is from Inv(Pol(I'4)). Recall that all congru-
ences on A are listed in X 4. If we additionally require that

(Fx,y € A—o(x,y)) N(Bx #y € A o(x,y)), (35)

the congruence o will be proper. A maximal congruence (a congruence over which there
is no other congruences except the full binary relation V) can be defined as follows:

mazCongm(A,Q,0) <= Congm(A,Q,0) AJa,be A, —o(a,b)A
A" < (1,1), (Congm(A,Q,0") AJa,b e A, —d'(a,b)) — (36)
— Ja,b € A, o(a,b) A —d'(a,b)].
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Note that this is a H%’b—formula. A factor set is the set of all equivalence classes under
the congruence o and it will be denoted by A/o. We can represent each block of o by its
minimal element (it exists by the Minimal principle). Therefore, we think of the factorized
object A/o as of a set of numbers as well:

FSy(A)o,A,Q,0) <= Congn(A,Q,0)A
Va,b e A, (o(a,b) A (a <b) — —A/a(b)) (37)
AVa € A(Vd' € A, o(a,d') = a<d)— Alo(a)).
We say that a is a represent of the class a/o (where a/o is just a notation, it is any element

of A) if
Repm(a,a/o,Ajo, A, Q,0) <= FSy(A/o, A, Qo)A

38
o(a,a/o) N Alo(a). (38)
Finally, we can define the factor algebra A/o = (A/0,Q/0):
FA,(A)o,Q)o,A,Q,0) <= FSy(A/o,A,Q, o)A
AYay, ..., am, c € ANay /o, ...,apm /0, c/o € A,
Qar/o,...,am/0) = c/o N Repp(c,c/o, AJo, A, Qo)A (39)
A /\ Repy(aiyaifo,Ajo, A,Q,0) = Q/o(ar,...,anm) = ).

i<m

Thus, we define the operation 2/ on minimal elements of the congruence classes.

5.1.5 Encoding digraphs and CSP properties

We will code a CSP instance on relational structures with at most binary relations in the
following way.

Definition 11. A directed input graph is a pair X = (Vy, Ex) with Vy(i) for all i <
Vx =n and Ex(i, j) being a binary relation on Vy (there is an edge from i to j). A target
digraph with domains is an (n + 2)-tuple of sets A = (Vy, E4, Do, ..., Dy_1), where

e Vy < (n,l) is the set corresponding to the superdomain,
e Vi < n, D; <l is the subset of length [ corresponding to the domain of variable x;,

e Vy(i,a) <= D;(a),

Ey < {(n,1),(n,1)) is the set encoding relations Ei{(a, b) (there is an edge (a,b)
between D; and D;):

Ey(u,v) — 3,5 <nda,b<lu=(i,a) N\v=(j,b)A (40)
Dl(a) VAN Dj(b)
Sometimes we will use the notation Eji (a,b) instead of E4((i,a), (j,b)) for brevity sake.

We will denote a pair of sets © = (X, A), satisfying all above conditions, by DG(®), and
will call © an instance. This representation will allow us to construct a homomorphism
from X to A with respect to different relations Eji and different domains for all vertices
Tlyeeey Ty
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Definition 12 (Homomorphism from digraph X to digraph with domains A). A map H

isa homomorphz’sm between input digraph X = (Vx, Ex), Vx = n and target digraph wzth

domains A = (Vy, Ey, Do, ..., Dn—1), V4 < (n,l) if H is a homomorphism from X to A

sending each i € Vx to domain D; in V3. The statement that there exists such an H can
1,b

be expressed by the ;" -formula

HOM (X, A) <= 3H < (n,(n,1))(MAP(Vx,n,Vy, (n,1), H)A
(Vi <n,s<(n,0) H(i) = s — Jda < l,s = (i,a) A Di(a))A
Vi1, ia < n, Vi1, j2 < (n,l)

(Ex(i1,i2) AN H(i1) = j1 A H(i2) = j2 — E4(j1,J2)).

(41)

Besides a homomorphism between two digraphs of different types, we will also need
a classical homomorphism between digraphs of the same type. The existence of such a
homomorphism between digraphs G and H with Vg < n, Vg < m can be expressed by the
following Z%’b—formula

HOM(G,H) < 3H < (n,m)(MAP(Vg,n,Vy,m, H)A
Vil, 1o < n,le,jQ <m (42)
(Eg(i1,i2) A H(i1) = j1 A H(i2) = ja — En(j1,52)))-

Notation 4. Sometimes we will write 3H < (n,m), HOM(G, ", H) and 3H < (n, (n,1)),
HOM (X, A, H) to omit repetitions.

For an instance © = (X, A) we call an instance @’ = (X’, A) a subinstance of © if

subInst(X', X) < subS(Vyr,Vx) A subS(Eyr, Ex)A

43
(EX’(xl,fL'Q) — X1,X2 € VX’)~ ( )

That is, the target digraph with domains A does not change, the set of vertices Vs is a
subset of Vy, and the set of constraints Eys is a subset of Ey defined only on V.

We need to encode three properties of a CSP instance: cycle-consistency, being a
linked instance, and irreducibility. In order to certify the quantification complexity of the
formulas, we will introduce them explicitly. Recall that we refer to any path or cycle with
the edges not necessarily directed in the same direction as an undirected path or cycle.
We say that a digraph C; = (Vg,, E¢,) with Vg, = {0, 1,...,t — 1} is an undirected cycle of
length t if it satisfies the following E(l)’b—deﬁnable relation

CYCLE(C;) < (F¢,(0,t —1)V Eg,(t —1,0))A
Vi< (t—1)(Fe,(i,i+1)V Ee, (1 + 1,7))A (44)
Vi, j <(t—1)(j #i+1— (-Ee,(i,j) N —~Ee,(4,7))-
We will define cycle-consistency through two homomorphisms.

Definition 13 (Cycle-consistent instance). An instance © = (X, A) with Vy = n, Vi <
(n,1) is 1-consistent if it satisfies the following X ’-definable relation
1C(X,A) < Vi <n,Yae D;¥j<n,

(Ex(i,j) — 3Jb e Dj,EfZ(a,b)) A (Ex(j,i) — Jbe Dj,EfZ(b, a)). (45)

The instance © = (X, A) is cycle-consistent if it is 1-consistent and any undirected cycle
C; that can be homomorphically mapped into X with H(0) = xj can be homomorphically
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mapped into A for any a € Dj. Cycle-consistency is expressed by the following Hé’b—
formula

CCInst(X,A) <= 1C(X,A) AVk < n,Ya € Dy, ¥Vt < n,¥Ve, =t,
VEe, < 4t*,VH < (t,n), [CYCLE(V¢,, Ec,) N HOM (Cy, X, H) A H(0, k)
— 3H' < {t, (t,1)), HOM(C;, A, H')A
AVi <n,j<t(H(j)=i—3be Dy, H(j) = (i,b)) N H'(0) = (k,a)].

(46)

Note that for any cycle-consistent instance © = (X, A), any its subinstance ©’ =
(X', A) is also cycle-consistent. For any i,j € X’ the constraint relations D;, D, Eji
remain the same. We have just removed some vertices from X and have removed some
edges from Ey. This does not affect the cycle-consistency property: for any i € X'/, any
a € D;, any ezisting in © path starting and ending in ¢ must connect a and a.

We say that a digraph P, = (Vp,, Ep,) with Vp, = {0, 1,...,t} is an undirected path of

length t if it satisfies the Eé’b—deﬁnable relation
PATH(P,) «— Vi < t(Ep,(iyi+ 1)V Ep,(i+ 1,i))A (47)
Vi < t,) < t(] 7é i+1— (_‘ECt(iuj) A ﬂE‘Ct(jvi))'

For any two paths P, and P,, of length ¢ and m we will define the following notions.
The reverse path P; ! is defined as:

Vp, :thﬂ =(t+1)AVi<t,

- . . L . L (48)
Ep;1(1,1+1) — Ep,(t—i,t— (Z‘i‘l))/\E,P;I(Z“Fl,Z) < Ep,(t—(i+1),t—1).

The glued path P; o Py, is defined as:

Vpop, = (t+m+ 1A
AYi < t, Ep,op,, (i,i+ 1) <> Ep,(i,i+ 1) A Ep,op,, (i + 1,4) <> Ep, (i + 1,7)A
AVE < j < (t+m), (49)
Epop,, (5,7 +1) < Ep, (j —t,7 +1—=1))A
AEpop,, (j+1,7) < Ep, (j +1—1,j —1)).
We say that there is a path from ¢ to j in the input digraph X if there exists a path
P, of some length ¢ that can be homomorphically mapped to X such that H(0) = ¢ and
H(t) =j:
Path(i,j,X) <= 3t <n,3Vp, =t,3Ep, < 4%, PATH (Vp,, Ep,)A

AIH < (t,n), HOM (P, X, H) A (H(0,7) A H(t,7)). (50)

We say that the path P, connects i and j. Also, we can encode what it means to be
linked for two elements a € D;,b € D;. In words, there must exist a path P; of some
length ¢ connecting 4, j with homomorphism H such that there exists a homomorphism
H' from P; to A sending 0 to (i,a) and t to (j,b), and for every element p < t, H(p) = k
implies that H(p) = (k, ¢) for some ¢ € Di. We can express it by the E%’b—formula

Linked(a,b,i,7,0) <= 3t < nl,3Vp, =t,IEp, < 4%,
3H < (t,n), PATH(Vp,, Ep,) NHOM(Py, X, H) A (H(0,4) A H(t,5))A
AIH' < (t,(t, 1)), HOM (P:, A, H')A (51)
Ak <n,p<t, (H(p,k) — Ic € Dy, H'(p) = (k,c)))
AH'(0) = (i,a) A H'(t) = (j,b).
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Notation 5. Sometimes we will write IP; < (n,4n?), Path(i,j, X, P;) and IP; < (nl,
4(nl)?), Linked(a,b,i,j,0,P;) to omit repetitions.

Definition 14 (Linked instance). We say that an instance © = (X, A) with Vy = n,
Vi < (n,l) is linked if it satisfies the following Zi’b—relation

LinkedInst(X,A) <= Vi < n,Va,b € D;, Linked(a,b,i,i,0). (52)

To define irreducibility we need to encode a fragmented instance and a subdirect so-

lution set.

Definition 15 (Fragmented instance). A fragmented instance is an instance whose input
digraph X is not connected. For an instance © = (X, A) with Vx = n we define this by
the following E%’b—deﬁnable relation, where PSS encodes a proper subset.

FragmInst(X,A) < 3V, VE Vi = V2 =nA
APsubS(Vi, Vi) A PsubS(VZ, Vi) A (Vi < n, V(i) < ~VE(i))A (53)
NVi € V,Vj € Vi, =Ex(i,5) A ~Ex(j,1).

We say that the instance © = (X, .A) has a subdirect solution set if there is a solution
to the instance for all @ € D;, i € {0,...,n — 1}. It can be expressed by the Ei’b—formula

subDSSInst(X, A) <= Vi < nVa € D;,IH" < (n, (n,1))
HOM(X, A, H)A H(i) = (i, a).
Now we are ready to define irreducibility.

Definition 16 (Irreducible instance). We say that an instance © = (X, A) with Vy = n,
V3 < (n,l) is irreducible if any its subinstance is fragmented, or linked, or its solution set

(54)

is subdirect. To express it we use the Hé’b—formula
IRDInst(X, A) <= VX' = (Vyr, Ex'), ¥V = n,VEy < 4n?,
(subInst(X', X) — (55)
— FragmInst(X', A) V LinkedInst(X', A) V subDSSInst(X’, A)).
Finally, we will introduce the relation indicating that ©® = (X,.4) is an instance of
CSP(T"4) for the relational structure A = (A,T'4). Since I'4 contains at most binary
relations and is closed under pp-definition, we indeed can identify all constraints posed

on variables x;, x; with two unary relations (domains D;, D;) and one binary relation EZ
from the list.

Definition 17. A pair of sets © = (X, .A) is a CSP instance over constraint language I' 4
on A of size [ if the following E(l)’b—relation is true.

Inst(©,T'4) <= DG(O) AVi < n,|D;| =IA
AYVi,j < mn,a,b<1,3s < |Dal, Ex((i, a), (j,b)) ¢ T%(s,a,b)A (56)
AVi < n,a < 1,3s < [T 4, Di(a) < Tl(s,a).

5.2 Universal algebra axiom schemes

In this subsection we will encode absorbing and central subuniverses and polynomially
complete algebras in V!, and formulate three universal algebra axioms reflecting the "only
if" implications of Theorems @]7 and [11] (for the soundness we do not need the "if" impli-
cation). For this subsection we will consider CSP instances alongside the corresponding
algebras and suppose that any algebra is finite and has a special WNU term.
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5.2.1 Binary absorption axiom scheme

Consider any algebra A = (A, 2) and its subalgebra B = (B, ), where €2 is m-ary basic
operation. Suppose that the corresponding relational structure to A is A = (A, T 4), where
" 4 is at most binary part of a relational clone. Due to Galois correspondence, Clone(§2) =
Pol(T' 4). Thus, for any binary term operation T' over A the condition T' € Clone(f2) can
be encoded as:

T € Clone(Q)) <= Poly(T, A, T 4). (57)

For any three sets A, B, T the following E(l)’b—deﬁnable relation indicates that the subset
B absorbs A with binary operation 7"

BAsubS(B,A,T) <= subS(B,A) AVa € A,¥Yb € B,3c;1,c2 € B,

T(a,b) = c1 AT(b,a) = cs. (58)

We will formalize the "only if" implication of Theorem @] in the theory V! as Binary ab-
sorption axioms, BA-axioms. For any algebra A = (A, Q) corresponding to the constraint
language I' 4 of a CSP instance, it is enough to consider only finitely many axioms since
there are finitely many subalgebras D of A and finitely many strong subsets B of D).

Definition 18 (BA 4-axioms). For any constraint language I 4 over set A of size [, fixed
algebra A = (A, Q) with  being an m-ary special WNU operation, and finitely many
subuniverses D of A and binary absorbing subuniverses B of D the binary absorption
axiom scheme is denoted by BA 4-axioms and consists of the finitely many formulas of the
following form

BAAB.D =def VX = (Vx, Ex),VA = (Vy,Ey, Do, ..., Dn_1),
(PsubS(B, D) A SwNUp, (2, D) A SwNU, (2, B)A
AJT < (31)%°, Polo(T, D,T 4) A BAsubS(B, D, T)A
AInst(©,T 4) A CCInst(X, A) A IRDInst(X, A)A
i <n,D; = DA
HOM(X,A)) - HOM(X, A= (V4,Ey4,Do,...,B, ..., Dy_1)).

Variables here are an input digraph X with Vx = n and a target digraph with domains
A, © stands for (X, A). The second line of the formula ensures that B is a proper subset
of D and both B and D are closed under Q (relation SwNU,,), i.e. both are subuniverses.
The third line claims that there exists a binary operation 7' defined on the subuniverse
D and compatible with all relations from I' 4 such that B absorbs D with T. The fourth
line says that © is a CSP instance over constraint language I" 4, and this instance is cycle-
consistent and irreducible. Finally, the rest of the formula says that if D coincides with
a domain D; for some variable i, all the above-mentioned conditions hold and there is a
solution to the instance ©, then there is a solution to the instance © with D, restricted to
B.

In strict form (with all string quantifiers occurring in front) and after regrouping them
in such a way that all universal quantifiers will precede existential ones, we will eventually
get the universal closure of E;’b—formula.

5.2.2 Central subuniverse axiom scheme

We will formalize the "only if" implication of Theorem [10|not for a center, but for a central
subuniverse. Recall that a central subuniverse has all the good properties of a center, and
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we will use it in the algorithm instead of the latter. To define a central subuniverse C' of
an algebra A = (A, Q) we need to encode a set Sg for the subset X = {{a} x C,C x {a}}
of A2 for any a € A. Recall that Sg(X) can be constructed by the closure operator

E(X)=XUuU{Qa1,...,am) : a1,...,am € X} (60)
vt >0, E%X) = X, E"Y(X) = B(E'(X)).
Since A is finite of size [ and | X | = 2|C|, we do not need more than (/> —2|C|) applications
of the closure operator F since at every application we either add to the set at least one
element or after some ¢, E*(X) = E'*"(X) for any r. Not to depend on C, let us choose
the value [2. Thus, for any set X < (I,1), we will iteratively define the following set Eé?
up to 12
Vb, e < 1, E%(b,c) <= X(b,c)A
AY0 < t < I?,¥b,c <1, Ek(b,c) <= Eil(b,c)Vv
VAL, oy by €1y ooy € € A, B (b1, 1) A oo A B by, e) A
AQD1L, .. b)) =bAQ(er, . em) = c.

(61)

The existence of this set follows from Ei’b—induction. A central subuniverse must be
an absorbing subuniverse, namely a ternary absorbing subuniverse [20]. For any three sets
A, C, S the following H%’b-deﬁnable relation expresses that the subset C of A is central
under ternary term operation S.

CRsubS(C, A, S) < subS(C, A) AVecy,c € C,Va € A,3c), ch, 5 € C,
S(ey,co,a) =) AS(e1,a,c0) = cy A S(a,c1,ca) = c5A (62)
AVa € A\C,VX < (1,1), (X(a,c) A X(c,a) <> c € C) — ~Ek(a,a)).

Definition 19 (CR 4-axioms). For any constraint language I' 4 over set A of size [, fixed
algebra A = (A,Q), with Q being an m-ary special WNU operation, and finitely many
subuniverses D of A and central subuniverses C' of D we denote the central subuniverse
axiom scheme by CR 4-axioms. The scheme embraces the finitely many formulas of the
following form

CRap.c =def VX = (Vx, Ex),YA = (Vy,E4, Dy, ..., Dn_1),
(PsubS(C, D) A SwNU,y, (2, D) A SwNU,, (2, C)A
38 < (40)%', Poly(S, D,T 4) A CRsubS(C, D, S)A
Alnst(©,T 4) A CCInst(X, A) A IRDInst(X, A)A
Ji < n,D; = DA
HOM(X,A)) = HOM(X,A = (Vy,Ey, Do, ..., C, ..y Dp_1)).

The formula is analogous to BA 4-axioms, it is again the universal closure of Eé’b—
formula and the only line that differs is the third one: it claims that there exists a ternary
term operation S defined on subuniverse D and compatible with all relations from I'4
such that C' is a central subuniverse under S.

5.2.3 Polynomially complete axiom scheme

Theorem [6] claims that a finite algebra is polynomially complete if and only if it has the
ternary discriminator as a polynomial operation. Consider an algebra A = (A,Q). The
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clone of all polynomials over A, Polynom(A) is defined as the clone generated by Q and
all constants on A, i.e. nullary operations:

Polynom(A) = Clone(£2, ay, ..., a ) (64)

Constants as nullary operations with constant values, composed with 0-many n-ary oper-
ations are n-ary operations with constant values. Thus, to be preserved by all constants
operations, any unary relation has to contain the whole set A, and any binary relation has
to contain the diagonal relation A4. We can impose these conditions on the set I' 4. For
the algebra A denote by Fﬁag = (F}L{dwg : Fi{dwy ) the pair of sets such that

DY (j.0) = Tl(.a) A (b € A.TH(.D)

! ) ) (65)
r%%9(i,a,b) <= T%(i,a,b) A (Y € A,T%(j, ¢, ).

An n-ary operation P on algebra A is a polynomial operation if it is a polymorphism for
relations from Fﬁ“g, ie.

P € Polynom(A) <= Pol, (P, A,T%"). (66)
For any two sets A and P the following Eé’b—deﬁnable relation claims that P is a ternary
discriminator on A:

PCD(A,P) < VYa,b,ce€ A,

(a=bAP(a,b,c)=c)V(a#bAP(a,bc)=a). (67)

Before the formalization of the "only if" implication of Theorem [T1] as the polynomially
complete axiom scheme, we need to encode one more notion. For any congruence ¢ on
algebra A = (A, Q), for factor algebra A /o we will define the quotient set of relation I' 4 /o
as follows:

TY/o(j,a) <= Va/o € A, Repp(a,ajo, Aja, A,Q,0) ATY(j,a/0)
I%/0(i,a,b) <= Va/o,bjo € A, T%(i,a/0,b/o)A (68)
ARepp,(a,a/o,Ajo, A, Q,0) A Repn(b,b/o, Ajo, A, Qo).

The definition follows from log-space reduction from CSP(A /o) to CSP(A). Note, that

for some 1, 7, F}‘l,j /o and Fil,i /o are empty sets, as well as F}L{i?ag and I‘i{img .

Definition 20 (PC 4-axioms). For any constraint language I" 4 over set A of size [, fixed
algebra A = (A, Q) with Q being an m-ary special WNU operation, and finitely many
subuniverses D of A and congruence blocks F of D the polynomially complete axiom scheme
is denoted by PC 4-axioms and consists of the finitely many formulas of the following form

PCAp.E =dey VX = Vi, Ex),YA = (Vy,E4, Dy, ..., Dy_1),

(IVj < n,¥B < ,VT < (31)¥’, Poly(T, D;, T 4) — ~BAsubS(B, D;, T)A

AVj < n,VC < 1,YS < (41)%", Pols(S, D;, T 4) — ~CRsubS(C, D;, S)]

Ado < (1,1),3D /o < 1,3Q/c < (m)*"" | FA,(D/o,Q/o,D,Q,0)A

AJP < (41)%', Pols(P, D)o, T%% jo) A PCD(D /o, P)A (69)
SwNU,, (€, D) A PsubS(E, D) A (Ya € E,Vb € D, o(a,b) <> b € E)A
Alnst(©,T 4) A CCInst(X, A) A TRDInst(X, A)A
di <n,D; = DA
HOM (X, A)) - HOM(X, A= (Vy,E4, Do, ..., E,..., Dy_1)).
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In this VE%’b-formula, the first and the second lines in square brackets say that for any
domain D; of instance © there are no binary absorbing or central subuniverses. The fourth
and fifth lines claim that there exists a congruence o on D and the corresponding factor
algebra D/o = (D/o,$2/0) such that this factor algebra is polynomially complete. Note
that we define a discriminator P on factor set D /o, and require that P is a polymorphism
for all relations from the quotient set of relation demg /o. The sixth line says that D is
closed under €2, E is a proper subset of D and E is a congruence class of ¢. Finally, the
rest of the formula says that if D coincides with a domain D; for some variable i, all the
above-mentioned conditions hold and there is a solution to the instance ©, then there is
a solution to the instance © with D; restricted to the congruence class E.

5.3 A new theory of bounded arithmetic

For any relational structure A let us define a new theory of bounded arithmetic extending
the theory V1, as follows.

Definition 21 (Theory V}).
Vj =def V! + {BA 4-axioms, CR 4-axioms, PC 4-axioms}.

Each of the universal algebra axiom schemes BA 4-axioms, CR 4-axioms, and PC g-axioms
consists of a finitely many VE%’b—formulas for the fixed finite algebra A = (A, Q) with a
special WNU operation €2 corresponding to the relational structure A4 = (A, T 4).

We are going to show that for any structure A which leads to p-time solvable CSP, the
theory V,zll proves the soundness of Zhuk’s algorithm.

5.4 Consistency reductions

Consistency reductions of Zhuk’s algorithm precede all other reductions and the lin-
ear case and include cycle-consistency reduction (function CheckCycleConsistency), ir-
reducibility reduction (function CheckIrreducibility) and weaker instance reduction (func-
tion CheckWeakerInstance), see [I9]. Consider a CSP instance © = (X, .A) with domain
set D = {Dy, ..., Dp—1}. During consistency reductions the algorithm works with some
modifications of an input digraph X and a target digraph with domains A. At the end
of every procedure, the output is either "No solution" (some domain is empty after reduc-
tion), or "OK" (the algorithm cannot reduce any domain since the instance satisfies the
property we are checking), or the reduction (i, D}) of the first domain in a line that we
can reduce.

At the beginning of every procedure, for simplicity we will refer to every input instance
as the initial one, © = (X, A). Tt makes sense: after every reduction (i, D}) we start the
algorithm all from the beginning with the same input digraph (the same set of variables
and the same set of constraints) but with a smaller domain set D' = { Dy, ..., D}, ..., Dp_1}:
we remove some vertices from A, which induces removing some edges. If the algorithm
moves to another procedure, it means that the previous one cannot reduce any domain -
so technically, we proceed with the same instance from the beginning of the current step
of recursion.

5.4.1 Cycle-consistency

In this section we will formalize the modification of the function CheckCycleConsistency
suggested by Zhuk in his latter paper [20]. In short, the algorithm first intersects all
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constraints and then uses constraint propagation to ensure a type of consistency called
(2,3)-consistency. In words, (2,3)-consistency means that for any variables i, j, k every
edge (i,j) extends to a triangle by edges (i,k) and (k,j). These two properties taken
together provide cycle-consistency. We explain the procedure in detail alongside the for-
malization.

Consider a CSP instance © = (X ,A) First, for any two variables i, j the algorithm
defines a full relation R;; on domains D; x D;. We define a new target digraph with
domains R = (Vi, Ej, Dy, ..., Dp_1), where Vj = V4, but while

Ey(u,v) — 3i,j <n3a,b<lu=(i,a) Av=(j,b)A

Di(a) A Dj(b), (70)

for £, we have

Ej(u,v) <= 3,5 <nda,b<lu=(i,a) Nv=(j,b)A (71)
D,(a) A Dj(b)
That is, for all 4,57 € {0,...,n — 1}, E;é is the full binary relation on D; x D; (even for
those i, j, for which =Ex(i,j) and —=Ex(j,1)). -
Then for all 4,5 € {0,...,n — 1} the algorithm intersects each E;é with projections of
all constraints onto the variables 7, j. In our case, for 7, j we have only constraints D;, D,

EZ, and Ef: , i.e. we intersect E;é only with Eji and Eﬁ Let us denote new relations by
EY .
Ro

E;lgo(a, b) <= (a € D; Abe Dj)A )
NEx(i,j) = E%(a,b) A (Ex (5 i) = E% (b,a)).

Note that if there are no constraints Fx(i,j) and Ex(j,i), then at this point both

E;{O and Ego are still D; x D;, D; x D;. Then denote by Pri(i,a) the intersection of the

projections of all constraints E;%O on variable i:

Pri(i,a) <= a € D; AVj <n, Ex(i,j) — Jb e D, E;go(a, b)A

. (73)
Vk <n, Ex(k,i) — 3c € Dy, E%O(c, a).
Let us define a new digraph R, with domains by setting
Vi (i,a) < Pri(i,a), (74)
and N g
E;%l(a, b) <= Pri(i,a) A Pri(j3,b) A E%O (a,b). (75)

Then the algorithm produces iterative propagation of constraints until it cannot change
any further relation. For every step of propagation ¢t > 1, for all 4,57 € {0,...,n — 1} we
define a new set R; as follows:

Ri(i,j,a,b) <= E (a,b), (76)
and for £ > 1

Rt(i7 j7 a, b) — Rt—1<i7 ja a, b)/\

7
Vk <nde <l Pri(k,c) AN (Ri—1(i, k,a,¢) N Ry—1(k, j, ¢, b)). (77)
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The existence of this set is ensured by E%’b-induction. For every step of propagation
t > 1, Ry(i,j,a,b) corresponds to the relation E;%t and thus induces the next digraph with
domains R;. The process will eventually stop since on every step ¢t > 1 we remove some
edges from R;_1, and the number of edges in R; is bounded by some polynomial of n and
l, p(n,l). Let us prove it.

Denote the number of edges in Ry by ¢ = #Ep , le. the number of elements in
Ry (i,7,a,b) is q. For every t < (¢+1) due to definition Vi, j < n,Va,b < k, R(i,j,a,b) —
R;—1(i,7,a,b). Suppose that for some t = ¢’ < ¢+ 1 we have

Vi,j <n,Va,b<l, Ry(i,j,a,b) <= Ry_1(i,J,a,b).
Then it means that the part
Vk <nde<l, Pri(k,c) N (Re—1(i, k,a,¢c) N Re—1(k, j,c,b))
is always true when ¢t = ¢/. By induction on s we can prove that in this case
Vi,j <n,Va,b<l, Ryis(i,j,a,b) < Ry_1(i,7,a,b)

since for s = 0 it is a suggestion, and if it is true for s = f, then we can rewrite the
definition of Ry 4 11 using equivalent sets

Rq/+f+1 (Z, j, a, b) = Rq/_l(i, j, a, b)/\

78
Vk <ndc<l, Pri(k,c) N (Ry—1(i,k,a,¢c) N Ry_1(k, j,c,b)). (78)

Now suppose that for every 1 < ¢ < (¢ + 1), =(R¢-1(7,J,a,b) — R (3, j,a,b)), i.e. for
every t there exist ¢,j < m,a,b < [ such that R;—1(7,j,a,b) A “Ri(i,j,a,b), i.e. #R; <
#R; 1. Then by induction on t we can prove that #R; < q — (¢t — 1), therefore #R;41 <0
(the "worst" case - we removed all edges from Rl) In both cases we proved that for every
t>q, Riy1(i,j,a,b) <= Ry(i,j,a,b).

After the end of propagation, we reduce domains for the second time.

Prec(i,a) <= Pri(i,a) AVj <n,Ex(i,j) = 3b, Pri(j,b) A E]  (a,)
q

. (79)
AVE < n, Ex(k,i) — 3c, Pri(k,c) A Ef ., (ca).
q
We denote the new (cycle-consistent) target digraph with domains by Ace and set
Vi (iya) <= Pre(i,a), (80)
and - .
EZ (a,b) <= (Prec(i,a) A Pre(4,0)) /\E;% (a,b). (81)
cc q+1

Remark 2. In Zhuk’s algorithm, the original function CheckCycleConsistency in [19] re-
duces one domain D; at a time (as if in (79) we fix some ), outputs the result (z;, D}) and
starts all from the beginning. The modified function CheckCC in [20] returns all reduced
domains at once. Both do not return the reduced relations E%: the algorithm applies
the function to the initial instance again and again until it cannot produce any further
reduction. Nonetheless, it does not affect the final result (we cannot produce two different
cycle-consistent reductions), so we omit these technical intermediate steps here.

Now we need to prove the following two statements:

1. The instance O = (X, A.) is a cycle-consistent instance (according to definition).
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2. If the initial instance © = (X, A) has a solution, then O, has a solution.

Lemma 5. V! proves that if none of the domains Va.. (i),7 < mn is empty, then the instance
Occ = (X, Ace) is cycle-consistent.

Proof. Due to definitions . the instance ©,. is 1-consistent. For any ¢ < n, any
a € Vy_(i) consider any cycle C; that can be homomorphically mapped into X with
H(0) = ¢ and define the set H' < (¢, (t,1)) such that H'(0) = (i,a) and for all j < ¢,k <
n, H(j) =k — H'(j) = (k,b) for some b € V; (k) (it exists since none of the domains is
empty). We need to prove that there is by, for each k < n such that H' is a homomorphism
from C; to A. For this, it is enough to note that by the construction , the formula

ik

301, b, e b1 < 1, By bk

(a,01) A B (01,02) Ao A B (b1, ) (82)

where E +1(bi, biy1) is either Eik 1(bi, biy1) or EZ“k (bi11,b;) depending on the cycle
Cy, is always true since for any a € Vy (1):

B (a,a) = 31 <1, B4 (a,b1) ABY (b, 0),

o 83
E% (a,b3) = 3by < 1, B (a,b2) A E55 (b3, by), )
E%2 (a,5) = by < 1, B (a,b1) A ERF2 by, by).
Set H'(i) = (k;,b;) for all 0 < i < t. This completes the proof. 0

Lemma 6. V! proves that instance © = (X, A) has a solution if and only if O = (X, Aee)
has a solution.

Proof. Suppose that there is a homomorphism H from & to A and it sends edge Ex(i,7)
to BY " (a,b) for a € DZ, b E D;. Due to the definition of a homomorphism for both a and
b, E ] must sat1sfy and we do not lose any solution after the intersection of all

Constramts That is, 1nstead of the set {X — A} we can consider set {X — R1}.
Consider a formula ¢(t) which says that if H is a homomorphism from X to R, then
for every step t of propagation, for all 4,5,k € {0,1,...,n — 1}, all a,b,c <

o(t) = HOM (X, R}, H) NH (i) = (i,a) NH(j) = (j,b) N H(k) = (k,¢) —

. ki (84)
(B (a,b) A B (a,0) A EF (c,b)).

For ¢ = 1 this is true. For every constraint EX (7,7) the implication E” (a b) follows
from the definition of a homomorphism. For any | such that = Ex(i,7) the implication
E” (a b) follows from the definition of E”O and . we do not remove edges from

Rl between domains not connected in a constraint without removing vertices. Thus, if
there remain some vertices, there will remain all edges between these vertices as well.

If ¢(t) is true for ¢ = s, then it is true for ¢ = (s + 1) due to construction (77)). Hence,
{X - A} C {X¥ — A..}. The opposite inclusion is trivial. O

5.4.2 Irreducibility

Consider a cycle-consistent instance © = (X ,.A) with a domain set D = {Dy, ..., Dy_1}.
The algorithm chooses a variable ¢ and some maximal congruence o; on D; and denotes by
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I = {i} the set of the indices. Then it considers all other variables k such that k& ¢ I and
for some j € I there is a projection of some constraint C' onto j, k. Since we consider at
most binary relations, and the instance is cycle-consistent, it follows that the projection of
any constraint Ex(j, k) (or Ex(k,j)) onto j, k is either the constraint relation Eff (or EZJ)
or domains Dj, Dj. On domain Dy, of such variable £, the algorithm generates relation oy,
as follows:

Ex(j,k) : ox(a,b) <= 3a’,b' € Dy, oj(a’,b') A E5 (a,a') A EL (b, ). (85)

That is, the algorithm defines a partition on D}, according to the partition on D;. Since
this new relation is constructed from relations compatible with € by pp-definition, it is
also compatible with €2, and therefore is a congruence. If this congruence is proper, then
we have the same number of equivalence classes on Dy, as on Dj, and elements from one
class in Dj, are connected with elements only from one class in D;. Otherwise, o; is not
maximal since we can define a new congruence on D; in an analogous way as in .
The algorithm collects all such D, with proper congruences o} into the list of indices I,
and then considers the projection ©,,x of the initial instance onto X’ = {k|k € I'}. This
projection can be split into instances on smaller domains (corresponding to connected
classes in different domains), and these instances can be solved by recursion.

Remark 3. If there is no domain Dj such that o; generates on it a proper congruence,
the algorithm moves first to another maximal congruence o on D; and then to i + 1 €
{0,1,...,n—1}.

For every k € I we thus can check if the solution set to the projection ©,, x+ is subdirect.
If not, and for some k € I there are b1, ..., bs such that there is no solution to ©,,x+, then
the algorithm return Dj = D \{b1, ...,bs} and runs from the beginning. If for all b € Dy,
there is no solution to ©,, x+, then the algorithm returns "No solution". If the solution set
to ©,,x/ is subdirect, then the algorithm moves to another maximal congruence on D,
and then to i+ 1 € {0,1,...,n — 1}. If the algorithm cannot reduce any domain D;, and
none of the domains is empty, the algorithm returns "OK".

For the formalization of the function ChecklIrreducibility, for every domain D; let us
denote by 0;(q, a, b) the list of all maximal congruences on D; (we know them in advance).
The number of all congruences on D; is some constant ¢; < 21", Then for every variable
i € X, and every maximal congruence oy (a,b) on D; we iteratively define the following set
of elements Iy ; 4(j, a,b), where ¢ is the iteration step, ¢ is fixed domain, ¢ is fixed maximal
congruence, j is the considered domain and a, b are elements in one congruence class:

Va,b <1, In;q(i,a,b) < ol(a,b)A
A0 <t <nk<n,ab<l, Ii;qk,ab) <= L_1,;4k, a,b)V
V3j < m,ad b <1, L11,4(5,d,b)A
NEx(j, k) A ES(da) A EX (6, 0) V (Ex (k, 5) A EY (a,a’) A B (b,8))A
A=[3e,d € Dj,Je € Dy, —Li—144(j, ¢, d)A
NEx(j, k) A E% (c,e) A ES (d, ) V (Ex(k, 5) A EY (e,¢) A E¥ (e, d))].

(86)

At step t = 0 the set Iy, , contains only index ¢ and (a,b) such that a,b € D; are in
the same congruence class of Jf’ . At each further step t > 0 we add to I;; , all elements
from I;_1 ;4 and indices of the domains connected to elements from I;_;; , such that ag
generates proper partitions on those domains. Lines 3-5 consider a connection between j
and k and define a partition on I;; 4(k), and lines 6-8 in square brackets checks that this
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partition is proper, i.e. no elements c,d € D; from different congruence classes connected
in Dy,. Since we cannot add more than n elements to I, I, ; , contains all wanted elements.
The existence of this set is provided by induction on t on E%’b—formula, and the implication
t — (t + 1) follows from comprehension axiom scheme E(l)’b—CA.

Suppose that the algorithm returns "OK". We will denote the new target digraph with
domains after irreducibility reduction by A;.. Due to the algorithm, for each subinstance
O, of O, considered by the function CheckIrreducibility, the solution set to ©/, is sub-
direct. It is obvious that ©/. is not fragmented and not linked. We can formalize the

properties of the instance ©;, = (X, .AW) as follows: for every 7 € Vy and every maximal

congruence o}

VYW < n,VEx < 4n?, X' = (Var, Exr),
((Vj <n,3a,b<l, Var(j) < Iniq(j,a,b)) A (Vs,s" <n, Ex:i(s,s") = s,5" € Var)A (87)
A(Vs,s' € Vyr, Exi(s,5") <+ Ex(s,s))) = subDSSInst(X’' A;).

We need to prove two statements:

1. The instance 0;. = (X, AW) is irreducible due to definition.

2. The initial instance © = (X, A) has a solution only if ©;, has a solution.
We start with several technical lemmas.

Lemma 7. V! proves that for any cycle-consistent instance © = (X,A), for any i € X,
relation Linked(a,b,i,1,0) is a congruence on D;.

Proof. Recall the definition of Linked(a,b,1,1i,©):

Linked(a,b,i,i,0) <= 3t < nl,Vp, =t, Ep, < t2,
PATH (Vp,, Ep,) A3H < (t,n), HOM (P, X, H) A (H(0,i) A H(t,4))A
AJH' < (t, (t,1)), HOM (P;, A, H')A (88)
Ak <n,p<t, (H(p,k) — 3c € Dy, H'(p) = (k,c)))
AH'(0) = (i,a) A H'(t) = (i,b).

First of all, for any a € D; we have Linked(a,a,i,i,0). Indeed, since the instance is
cycle-consistent, it follows that for any cycle C; that can be mapped to X with H(0,14), we
will have a homomorphism H’ from C; to A such that

Vj<n,k<t(H(k,j)— 3Ibe D;, H (i) = (j,b)) N H'(0) = (i, a).
Instead of cycle C; consider a path P, such that for all i < (¢ — 1)
Ep,(i,i+1) > E¢,(i,i+ 1) AN Ep,(i + 1,i) <> E¢,(i + 1,1),
and for i = (t — 1)
Ep,(i,i+1) < E¢,(i,0) N Ep,(i + 1,1) <> E¢,(0,1),

and set H(t,4), H'(t) = (i,a). Thus, Linked(a,b,1,1,©) is indeed a relation on the whole
D,, and a reflexive one. To prove that the relation is symmetric, for any a, b such that

IP; < (nl, (nl)?), Linked(a,b,i,i,0,P;),
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consider the inverse path P, 1 and define a new homomorphisms M, M such that for all
1<t k<n,c<l

M(j. k) < H(t — j,k) ANM'(j) = (k,c) <+ H'(t — j) = (k. c).
Finally, if for a,b,c € D;, there are
IP; < (nl, (nl)?), Linked(a, b, i,i,0,P;),

P, < (nl, (nl)?), Linked(b, c,i,i,0, Pp),

we can consider the glued path P, o P,,, and use on the first and second parts of the path
homomorphisms corresponding to P; and P, respectively. Thus, the relation is transitive.

It remains to show that the relation is compatible with operation €2, i.e. Poly, 2(€2, D;,
Linkedy; ; ¢7). But it follows from the fact that the set of all pairs (a,b) € Linked; ; g) can
be defined by a pp-positive formula (see [19]), and therefore is in the list I'. O

Note that since for every variable ¢ € X the algorithm checks every maximal congruence
on D, it follows that Linked|; ; ] is either contained in some maximal congruence or is a

maximal congruence itself. Also, for any cycle-consistent instance © = (X, A), for any its
subinstance @' = (X', A) and any D;,i € X’

Linked(a,b,i,i,0") — Linked(a,b,i,i,©),

L.e. the congruence relation Linkedy; ; o) of the instance © contains the congruence relation
Linkedy; ; o/ of any its subinstance ©’. By adding any new variable j € X\ X’ to X’ with
all induced edges from X, we cannot make relation Linked|;; o) smaller since when it
comes down to being linked we consider the existence of a path, and for any a,b € D; in
Linked|; ; o) the path already exists. But we can add some new paths, making Linked; ; o]
larger.

Lemma 8. V! proves that if an instance © = (X,./zl) is not fragmented, then for any
1,7 € Vy there exist t < n and a path P such that

IH < (t,n), HOM (P, X,Z) NH(0) =i A H(t) = j.
Proof. Consider the formula 6(t)

O(t) =def t <mn, i€ Vy,j €VEAVy =Vi=nA#Vi(n)=tA
APsubS(Vi, Vi) A PsubS(VE, Vi) A (Vk < n, VE(k) < =V (k)A
AIm < t, 3P, Vp, =m, Ep,, < m? PATH(Vp, ,Ep, )\
A3H < (m,n), HOM (P, X, H) AN H(0,7) A H(m,i) Ai' € V3.

(89)

For t = 1, the formula is true since ~FragmlInst(X, A). If (t) is true for t = s, then it is
also true for t = (s + 1). Indeed, since the instance is not fragmented, it follows that for
V2, #V3i(n) = (s+1) there are two elements i’ € V5 and j’ € VZ such that there is an edge
Ex(i,5") or Ex(j',i"). Then consider two sets Vi U{;j'} and VZ\{j'}. Since #VZ\{j'} = s,
there has to be a path Pp,,m < s, and H < (m,n) with H(0) = j, H(m) = i" for some
i € ViU {j'}. If i = j', we get a path of length m < (s +1) from j to i’. If i" # j/, then
there is a path of length m < s from j to some element i’ € V5. Finally, it also must be
true for t =n — 1. O]
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Lemma 9. V! proves that if a cycle-consistent instance © = (X, A) is not fragmented
and not linked, then for all D; there exist a,b € D; such that —Linked(a,b,1,1,0).

Proof. Since the instance O is not linked, by definition there exist ¢ € Vy and a,b € D; such
that —=LinkedCon(a,b,i,1,0). Suppose that there exists D; such that for any o',V € D;
we have LinkedCon(a',V,j,7,0), i.e. there exist some path P; and a homomorphism H’
from P; to A connecting o’ and . Since the instance is not fragmented, due to Lemma
it follows that there exists a path P, from i to j. Consider the reverse path P;! and
define a cycle Cy; as follows:

Ve,. =2m AVk <m, E¢, (k,k+1) < Ep (k,k+ 1)A
A< Ec, (k+1,k) <> Ep (k+1,k)A
AVr < (s—1), Ecy (s +r,5s+r+1) ¢ Ep-a(r,r + 1)A (90)
AEg, (s +1+1,5+71) < Epi(r+1,1)A
NEc, (25 —1,0) < E,PS—I(S —1,8) N Eg,, (0,25 — 1) <> EP;1(3, s—1).

That is, in Cos we glued together the start and the end of paths P and P; ! respec-
tively, and vice versa. This cycle can obviously be mapped into X, and due to cycle-
consistency for a,b € D; there exist homomorphisms H!, H} from Cas to A such that
H/(0) = (i,a), H{(0) = (i,b). Suppose that H/(s) = (j,a’) and H;(s) = (4,b') and con-
sider a path Ps o P; o Py L. Then use homomorphism H!, for Py, H' for P; and Hj for
P, 1. Thus, we have a path and a new homomorphism connecting a and b in D;. That is
a contradiction. O

Remark 4. Note that in proof of Lemma [0 we have to use cycle-consistency. We can
ensure a path from ¢ to 5 in X due to the fact that the instance is not fragmented, but
without cycle-consistency (or linked property) we cannot ensure that this path has proper
evaluation in A.

Lemma 10. V! proves that the instance ©;, = (X,Air) is irreducible.

Proof. Suppose that there exists a subinstance © = (X’, A;,) such that X’ = (Vyr, Exr),
Vyr < n, Eyr < 4n?, Vi is a subset of Vi, Ey is a subset of Ey, and

Exi(z1,22) = 21,22 € Var,

and this instance is not fragmented, and not linked, and its solution set is not subdirect. We
need to prove that any such subinstance must be included in some subinstance generated
by the algorithm (and therefore must have a subdirect solution set).

Due to Lemma @ for any i € Vs there exist a,b € D;, (a,b) ¢ Linked; ; o/, thus any
such congruence is proper. Fix some i € X', and consider a maximal congruence ¢} (a, b)
for some ¢ < ¢; on D; that contains Linked];; o). Consider subinstance 0" = (X" LA,
defined as:

Vi < n,3a,b <1, Van(5) ¢ Inig(j, a,b)A
NVs, s <n, Exn(s,s') — s, € VynA (91)
AVs,s' € Vyu, Exn(s,s') < Ex(s,s).

We need to show two points:

1. For every j € X' there exist a/,b' € D; such that I,,; 4(j,a’,t’) (i.e. X' is a subset
of X").
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2. For every j € X', for all ',V € Dy,

Iniq(4, a',b') — Ja,b € Dy, I 4(i,a,b)A
ALinked(a,d’,i,j,©) A Linked(b,b',i,j,0),

and for all a,b € Dy, for all j € X', ¢/, € D;
Iniq(i,a,b) A Linked(a, a',i,j,0) A Linked(b,V,i,7,0) — Inig(Js a,b).

This means that in ©’ the congruence o7 (a,b) generates the same partition on each
domain as in ©”.

For the first claim, note that since the instance ©’ is not fragmented, due to Lemma [§] it
follows that V! proves that for any j € Vs there exist s < n and a path P, connecting i and
j. We go by the induction on the length of that path. For s = 0 we have Iy; 4(¢,a,b), for
s = 1 consider some k such that Ey/(i, k) (or Ex/(k,7)). Since the instance is 1-consistent,
there exist some ¢,d € D;, ¢/, d" € Dy, such that

Exi(i,k) NE%(c,d) N ES(d,d'),

and the only thing we have to check due to defining equation is that there are no
¢,d € Dj, e € Dy, such that —Iy; 4(4, ¢,d) and

Exi(i,k) NE%(c,e) A E% (d,e).

It follows immediately from the fact that if such ¢, d, e exist, then Linked(c,d, 1, i,0") and
therefore Iy ; 4(i, ¢, d) (the congruence of(a,b) contains Linkedy; ; o). For the implication
s =t — s = (t+ 1), suppose that for every k € X’ such that there exists a path
of length ¢ connecting ¢ and k, there exist j € X', ¢,d € Dj, ¢/,d € Dy such that
Ii—1,4(j,c,d), and all other conditions of hold. Note that for s = 0,1 we established
Linked(c,d i, k,0") A Linked(d,d',i,k,0"), so we can assume that this is true for s = ¢
as well. Then use the same reasoning.

The first implication of claim 2 follows from the above. For the second implication we
again use induction on the length of a path. For s = 0,1 it follows from the definition of
I, iq. For the implication s =t — s = (¢t + 1) suppose that for every £ € X’ such that
there exists a path of length ¢ connecting ¢ and k, for any a,b € D; and any a’,b’ € Dy,
such that I, ; 4(i,a,b) A Linked(a,d’,i, k,©) A Linked(b,V', i, k, ©) we have I, ; ,(k,a’, V).
But since we can consider any path of length (¢ 4 1) as glued paths of length ¢ and 1, the
implication for s = (¢t + 1) again follows straightaway from the definition of I;, . This
completes the proof. ]

Lemma 11. V! proves that © = (X, A) has a solution only if O, = (X, Ay) has a
solution.

Proof. 1t is sufficient to show that if © has a solution, then © has a solution on domains
Dy, ...,Dj—1,D;\{b1,...,bs},Djt1, .., Dp—1 after irreducibility reduction of one domain
D;. This is straightforward. Fix some iy and suppose that the maximal congruence afo
divides D;, to t equivalence classes. To make a reduction we consider some subgraph X’ of
digraph X containing vertex 7y and such that it is connected and contains only vertices for
which domains D;,, ..., D;, congruence o;, generates proper congruences. Since instance ©

is cycle-consistent, therefore for any s,t projection of Efgf onto Dy, Dy Is subdirect. Thus,

we construct a subinstance O,y = (X’ , A) of instance © with the same target digraph
with domains (and the same domain set), but with another input digraph X’.
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Suppose that there is a homomorphisrp from X to A. For every H € {X — .A} define
a new homomorphism H [x/ from X’ to A as follows:

Vi € {io, i1, .nigh, H Ix/ (6) = (i,a) <= H(i) = (i,a). (92)

That H [y is a homomorphism follows right from the definition of H. Therefore, {H [x-
} C{x" — A}. If for some j € {ig, i1, ..., ig} and some by, ..., bs there is no homomorphism
H' € {X' - A} such that H'(j) = (j,b1), ..., H'(j) = (j, bs), then no homomorphism from
{X — A} sends j to (j,b1), ..., (j, bs). O

5.4.3 Weaker instance

When the algorithm runs the function CheckWeakerInstance it makes a copy of © = (X, A)
and simultaneously replaces every constraint in the instance with all weaker constraints
without dummy variables. Then for every i € {0,1,...,n—1} it checks if the obtained weaker
instance has a solution for x; = b, for every b € D; (by recursively calling the algorithm on
a smaller domain). That is, the algorithm checks if the solution set to the weaker instance
is subdirect. Suppose that the algorithm considers some 7, set D} = (). Tt fixes the value
x; = b and solves the weaker instance with domain set Dy, ..., D;_1,{b}, Di+1,..., Dp—1. If
there is a solution, then it adds b to D] and proceeds with another b’ € D;. If there are
solutions for all b € D;, the algorithm proceeds with ¢ + 1. If for each b € D; there is no
solution, the algorithm answers that the initial instance has no solution. If there are some
b1, ...,br € D; for which there is no solution to the weaker instance, the algorithm reduces
domain D; to D, = D\{b1,...,bs}, returns (z;, D) and starts from the beginning.
Consider a cycle-consistent irreducible instance © = (X ,A). Any constraint in © is
either a domain D; for a variable i, or a relation Ej»‘{ for an edge Ex(7,j). Since © is

cycle-consistent, projections pri(Ei{) and prj(EZ) are equal to D;, Dj. The algorithm
never increases domains, so we weaken only binary constraints and replace each EZ by
two different types of weaker constraints:

1. D;, D; - weaker constraints of less arity;

2. All binary constraints from the list I' 4 containing EZ except the full relation on
Di X Dj.

Consider the intersection of all the above weaker constraints. Note that for any ¢ we
have the same domain D;. We can lose some edges (i, j) from Ex (when the only binary
relation containing E "7 is the full relation on D; x D ;) and can add some edges to A. Let

us denote the obtalned weaker instance by Oyeqk = (Xweaks Aweak).

Lemma 12. V! proves that a CSP instance © = (X, A) has a solution only if © has a
solution after the weaker instance reduction.

Proof. Tt is obvious that if instance © has a solution, then ©,..x has a solution (we did
not remove any edge or vertex from A and probably removed some edges from X: just
take the same homomorphism). That is, {X — A} C {Xueak — Aweak }-

Suppose that for some 4 there are by, ..., bs € D; such that there is no solution to © eqk,
i.e. there is no homomorphism H in {Xuear — Awear} such that H(i) = (i,b1), ..., H(i) =
(1,bs). It is needed to show that if © has a solution, then © has a solution on domains
Dg,..., D;_1, Z\{bl, ...,bs}, Ditq, ...,Dp—1. But it is trivial. ]
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5.5 Linear case

In this section we will formalize and prove the soundness of the linear case of Zhuk’s
algorithm in the theory V! using E%’b—induction.

5.5.1 Formalization of the linear case in V!

For the linear case of Zhuk’s algorithm, we need to define in V! some additional notions,
namely finite abelian groups and matrices over finite fields.

To formalize the finite abelian group Z, = {0,1,...,p — 1} we define sum operation
+(modp) as follows:

€= 0 +(modp) b & c <pAc=(a+D)(modp). (93)

We define the identity element to be 0 and the inverse element for any a < p, denoted
—(modp)@, t0 be p — a. Furthermore, for any m € N and any a € Z, we can define “(mod p)
as follows:

€=M (modp) @ < ¢ < pAc=(ma)(modp). (94)

For fields (when p is a prime number) we can also define the multiplicative inverse for any
a #0,a € Zjy, denoted by a b

c:afl<—>c<p/\C7éOAc-(modp)a:a‘(modp)c:1. (95)

It is clear that +(m0dp)s —(modp)s (modp) and 0 can be defined in a weak subtheory of Vi
and satisfy all properties of a finite abelian group. A weak subtheory of V! can also define
the multiplicative inverse modulo a prime and hence, in particular, V! proves that Zy is
a field. In our case, primes p; are even fixed constants.

An m x n matrix A over Z, is encoded by a relation A(%, j,a), we write A;; = a for
the corresponding entry. We will denote by M X, «p »(A) a relation that A is an m x n
matrix over Z,. The sum of two m x n matrices A and B can be defined by a set-valued
function

C=A+B<+— MXan,p(C) AYE<m,j<n Cij = A,‘j +(modp) Bij, (96)

and the scalar multiplication bA of a number b € Z;, and an m x n matrix A can be defined
as:

C = bA ¢ MXpxnp(C) AVi <m,j < n Cij = b-(modp) Aij- (97)

The definability of matrix addition and scalar multiplication in V! is obvious. Finally,
to define the matrix multiplication, we will use the fact that V! defines the summation
of long sums, i.e. if C is a function with domain {0,...,n — 1}, then V! defines the sum
> icn C(i) and proves its basic properties.

Indeed, consider E}’b—induction on t < n, where t is the number of elements in formula

¢(i, 4, t, A, B) =gep 3X < (t,p), Xo = Ai0 *(modp) Boj/

(98)
VO <k <tXgp=Xp1 +(modp) A “(mod p) Bkj-

Here X encodes the sequence of t partial sums, and by X we denote X (k). For ¢t = 1,
¢(i,7,t, A, B) is true (since -(;,04p) is definable in V1), and ¢(i,j,t + 1, A, B) follows from
¢(i,7,t, A, B) since +(;04p) 18 also definable in V1. This uses E}’b induction.
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We can thus define the multiplication of an m x n matrix A and an n X s matrix B as

follows:
C=AB +— MX,xsp(C)AVi<m,j<s

(99)
Cij = Ajp ‘(modp) BOj +(m0dp) +(modp) Ai(n—l) ‘(modp) B(n—l)j'

We will further use notation +, —, - instead of +(04p)s —(modp) a0 “(modp) Since it does
not lead to confusion.

5.5.2 Soundness of the linear case in V!

We will call an instance © = (X, A), produced by the algorithm before the linear case, the
initial instance. As the first modification of the instance, we need to define a factorized
instance ©p: at this step, we change the target digraph A and do not change instance
digraph X. The algorithm factorizes each domain separately and due to the assumption for
every domain D; there is the minimal linear congruence o; such that D;/o; is isomorphic
to linear algebra. Denote by o < nl? the set representing all congruences oy, o(i,a,b) <=
o;i(a,b). The factorized target digraph with domains Aj, can be represented as an (n 4+ 2)-
tuple (V. Ey, ,Do/00, .., Dn—1/0n—1), where V3 < (n,l), V4 (i,a) <= D/oi(a) and
Ey, such that

By, (s,7) <= Ji,j <n3Ja,b<l, s=(i,a) A= (j,b)A

g 100

Dj/oi(a) A Dj/oj(b) A(Je,d <1, o(i,a,c) Ao (j,b,d) A EY(c,d)). (100)
In words, there is an edge between elements a,b representing classes [a]/o; and [b]/0; in
Ap any time EZ N [a]/o; x [b]/oj # 0. In the factorized target digraph constructed in
such a way, we actually can lose some edges (for example, when we glue all edges between
elements in [a]/o; and [b]/o; in one edge), but we also can get new solutions (for example,
when we get new cycles). We thus increase the set of solutions by simplifying the structure
of the target digraph with domains.

Theorem 12. V! proves that an instance © = (X, A) has a solution only if O, = (X, Ap)
has a solution.

Proof. Consider a CSP instance © = (X, A) with Vy = n, Vi < (n,1). Suppose that the
instance has a solution, i.e. there exists a homomorphism H from X to A. Construct the
factorized instance as mentioned above.

We first construct the canonical homomorphism H, between the target digraph A and
the factorized digraph Ay, and then show that there is a homomorphism from X to Aj.
Define H, as follows: for every u € Vy, and every v € V

H.(u,v) <= Ji<n,a,b<l,u=(i,a), v=(i,b) No(i,b,a) A\ D;/o;(b).

That is, we send a vertex a to a vertex b in Ay in the factorized domain D; /o if and only if
b € D;, b and a are in the same congruence class under ¢;, and b is a represent of the class
a/o; (the smallest element). This set exists due to E(l)’b—comprehension axiom. Moreover,
it satisfies the relation of being a well-defined map between two sets V; and V . The
existence of b is ensured by the property of congruence relation o; (reflexivity), and the
uniqueness by our choice of representation of the factor set by the minimal element in the
class. It is left to show that

Yuq, uy, v, v9 < (n, l>(EA(U1,U2) A Zc(ul,vl) A ZC(UQ,’UQ) — E_AL(UMUQ));
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but this follows straightforwardly from the definition of H. and F A, Finally, to construct
a homomorphism from X to Ay, consider set H < (n,(n,l)) such that

H'(i)=v < Ju< (n,1)(H(i) = uA He(u) = v.

It is easy to check that set H' satisfies the homomorphism relation between digraphs X
and Aj;. Thus, there is a solution to the factorized instance ©y,. ]

Suppose that there is a solution set to the instance ©, the set of homomorphisms
from X to A, denoted by {X — A} = {Hy, Hs,..., Hs}. We will call the set of all ho-
momorphisms, constructed from Hji, ..., Hs by canonical homomorphisms H. the solution
set to © factorized by congruences, denoted by {X — A}/¥ = {H], ..., H'} (some of the
homomorphisms H{, ..., H, can be equivalent).

By the previous theorem, we established that ©f has a solution only if © does. Now
to find solutions to @, we will use the translation of constraints into a system of linear
equations (we suppose that this translation is included in the algorithm’s transcription)
and run Gaussian Elimination. We thus need to show in V! that this process does not
reduce the solution set to ©p. Let us recall that a matrix A is in the row echelon form if
it is either a zero matrix or its first non-zero entry of row 7 4+ 1 must be on the right of the
first non-zero entry of row 4, and these entries must be 1. Consider the system of linear
equations AZ = b for an m x n matrix A. Suppose that we have a sequence of m x (n+1)
matrices [Ag|By|, [A1|B1], ..., [A¢| Bi], where [Ag|By] is the original augmented matrix of
the system of linear equations, [A|B;] is a matrix in the row echelon form and every next
matrix is obtained from the previous one by one of the elementary row operations. Since
every elementary row operation can be simulated by left multiplication by an elementary
matrix, instead of defining elementary row operations, we define elementary matrices in
Vi,

We say that an m x m matrix F is elementary if F satisfies one of the following three
relations. The first of them corresponds to row-switching transformations

EL! (E) <= MXpmxmp(E) AT # 5 <mVi,j <m

mXxXm,p

(i;ﬁi//\i#j/%EMZI)A(i#i//\j#j,/\i#j—)Eij:()) (101)
N(Ejrir =0AEjj =0ANEyj=1NFEj; = 1),

the second one corresponds to row-multiplying transformations

EL%Xm,P(E) = MXpxmp(E)A3a#0€ 2,3 <m (102)
and the last one corresponds to row-addition transformations
EL7I”r{>I<m,p(E) <~ MXme,p(E) Ada 7’5 0e Zpﬂi',j' < m\V/Z,j <m (103)

(B =1A(G#jNi#iNj#j = Ej=0)AEyj =a.

Let us denote these elementary matrices by T, T2, T3. If we consider matrix [A|B], then
matrices T'[A|B], T?[A|B] and T3[A|B] are matrices produced from [A|B] by elementary
row operations. Since V! can define long sums it is easy to show that V! proves that each
of elementary row operations preserves the solution set to AZ = b.

Lemma 13. V! proves that for every matriz [A|B] there is a row-echelon matriz [A’| B']
having the same solution set.
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Proof. Use E%’b—induction. O

Suppose now that we have established the solution set to the factorized instance Oy,
{X — A}, and assume that {X¥ — A}/S C {X¥ — Ar}. We will further proceed with
iterative steps of the algorithm, the first iteration (see Subsection . We arbitrarily
choose a constraint Fx(i,7) and replace it with all weaker constraints without dummy
variables, making the initial instance weaker. It can be done either by adding some edges
to the relation E” (note that new edges have to be preserved by WNU operation 2) or by

removing the edge (i,7) from X (when the only relation containing EY is the full relation
on D; x Dj;). Without loss of generality, suppose that we start with X. We prove the
following theorem by induction on the number of edges removed from X. The process
of removing can be interrupted by modifications of A as well, but since this interruption
happens only the constant number of times (the number of edges we can add to Ais a
constant), we can consider the constant number of separate inductions as one from start
to the end.

Theorem 13. Consider two CSP instances, the initial instance © = (X, A) and the
factorized instance O, = (X, .ZlL), and suppose that the solution set to the initial instance
factorized by congruences is a proper subset of the solution set to the factorized instance,
pe. {X = A}/S C{X — AL},

Then V' proves that there exists a subsequence of instance digraphs X = Xp, ..., X;
(and a subsequence of target digraphs with domains A = Ag, ... .As) where t < n(n — 1)
is the number of edges removed from X, {X; — As}/S # {X — AL}, and if one removes
any other edge from X, every solution to O, will be a solution to {X;41 — As}/3.

Proof. Since {X — A}/¥ C {X — A}, there is some point (ay, ..., a) in free variables
Y1, ..., Yx such that ¢(ay, ..., ax) is a solution to O, but if we restrict domains Dy, ..., D1
of © to congruences blocks corresponding to ¢(aq, ..., ax), there is no solution to ©. Thus,
there is some homomorphism H;, from X to Az, such that for any well-defined map H from
X to A, where every x; is mapped to the corresponding domain D; and H;, = H o H,,
there exists an edge Fx(i1,i2) in X that failed to be mapped into an edge in A. The
theory V! can count the number of elements in every set. Denote by ¢ = #Ey the number
of edges in X, ¢ < n?. Consider the following formula 6(t),

0(t) =aqer IHL < (n, (N, 1)), MAP(Vy,n, VALv (n,l), HL)A
AVi < n,w < (n,l), Hp (i) =w — Ja < l,w = (i,a) A D;/oi(a))A\
AYi,i9 < n,Vwy,ws < (n,l)

(Ex(i1,i2) N Hp(i1) = w1 A Hp (i) = wo — EAL(wlaWQ))

A
Vi,j <n, Ex,(i,j) = Ex(i,j) N(q—1t) < #Ex,(i,j)A
AVu,v < (n,l), Ey(u,v) = Ey (u,v)

A
MAP(Vx,n,Vy,(n, 1), H) ANVi < n,w < (n,l)

H(i) =w — Ja <l,w = (i,a) A\ D;(a)

A
Vi <mn,v<(nl), HL(i) =v +— Ju < (n,[)(H(i) = u A Hc(u) = v)
.,
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di1, i < n, Jwi,ws < <n, l>, ﬁ(E)(t(il,Z'g) /\H(il) = w1 N\ H(Zg) = W9y —
— Eﬂs(wl,wz)).

The first part of the formula expresses that there is a homomorphism Hj from X
to Az. The second part formalizes that the input digraph X; is constructed from X by
removing at least ¢ edges (and the target digraph Ay is constructed from A by adding some
edges). The third and fourth parts say that there is a well-defined map H from Vy to
V; satisfying all restrictions on domains and such that Hp, is a composition of H and the
canonical homomorphism H.. And the last part expresses that if all previous conditions
are true, then H cannot be a homomorphism from X; to A,.

In the formula 0(¢) as fixed parameters we use X = (Vx, Ex), ¢ = #Ex, the target
digraph with domains A = (Vi,Ey), Vi < (n,l) and #E; < (n,l)?, the factorized
digraph with domains A, = (VAL’ E JilL) and the canonical homomorphism H,.. Induction
goes on variables ¢ and the instance digraph X; = (Vx, Ex,) such that (¢ — t) = #Ey,.
Finally, witnesses in Z%’b—induction corresponding to ¢ are the target digraph with domains
A = (Vi,, E,) and the map H from Vi to V.

By assumption, the formula 6(t) is true for ¢ = 0. We also know that it is false for
t = ¢ since for all i1,i9 < n there is = Ey;, (i1,72). Since 0(t) is E%’b—formula, we can use
the Number maximization axiom:

VH < (n,(n,1)), VA, [0(0) = 3¢ < q(0(¢') A=3¢" < q(d' < ¢" NO(d")))]-
This completes the proof. ]

Lemma 14. Consider two CSP instances, the initial instance © = (X, A) and the instance
O = (X, Ag), where t < n(n—1) is the number of edges removed from"the initial digraph
X and s < (n,1)? is the number of edges added to the target digraph A. V' proves that

instance © has a solution only if © s has a solution.

Proof. Suppose that there is a solution to the instance ©, a homomorphism H, and the
instance © , is constructed from © by removing ¢ arbitrary edges from X and adding some
s edges to A. Then it is straightforward to check that H is also a solution to Oy . O

For further iterations of Zhuk’s algorithm, we will prove the following theorem.

Theorem 14. Consider two CSP instances, the initial instance © = (X,.,Zl) and the
instance O = (X, As), where t < n(n — 1) is the number of edges removed from the
initial digraph X and s < (n,1)? is the number of edges added to the target digraph with
domains A. Suppose that the solution set to the initial instance factorized by congruences
is a proper subset of the intersection of the solution set to the instance O s factorized by
congruences and the solution set to the factorized instance O, i.e. {X — A}/% C {X; —
A /S n{x — AL},

Then V! proves that there exists a subsequence of instance digraphs X = Xy, ..., X, (and
a subsequence of target digraphs with domains A = Ao, ..., Af), where r < n(n — 1) is the
number of edges removed from X such that {X, — A;}/% # {X — A}/SN{X — AL}
and if one removes any other edge from X,., every solution to {X; — A} /S N{X — Ar}
will be a solution to {X,11 — As}/%.

Proof. The proof is analogous to the proof of Theorem[I3] Let us define a slightly modified
formula ¢'(r). We now consider two homomorphisms, Hy, from X to A, and H; s from
X: to As such that Hj, is a composition of H; s and canonical homomorphism H. (it is
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equivalent to the condition that solutions to both instances are in {X; — A,}/SN{X —
AL}).

0(r) =dgey IHL < (n, (n, 1)), MAP(Vx,n,Vy ,(n, 1), HL)A
AV <n,w < (n,l), Hp(i) =w — Ja < l,w = (i,a) A D;/o;(a))A
AViy,i9 < n,Vwy, we < (n,l),

(Ex(i1,i2) N Hp(i1) = w1 A Hp (i) = wo — EAL(wl,wg))

A
3H; s < (n, (n, 1)) (MAP(Vx,,n,Vy_, (n,1), Hy s)A
AVi < n,w < (n,l) Hi5(i) = w — Ja < k,w = (i,a) A Di(a))A
AYi1,i9 < n,Vwy,ws < (n,l)

(Ex,(i1,12) N Hys(i1) = w1 A Hy s(i2) = wy — Eﬂs(wl, ws))

A
Vi <n,v < (n,l)Hp(i) =v<+— Ju < (n,k)(He s(i) = u A He(u) = v)
A
Vi,j <n Ex.(i,j) = Ex(i,j) N (g —1) < #Ex, (i, )\
AVu, v < (n, 1) Ey(u,v) — Ey, (u,v)

A
MAP(Vx,n,Vy,(n, 1), H) ANVi < n,w < (n,l)

H(i) =w — Ja <l,w = (i,a) A\ D;(a)

A
Vi<mn,v<(nl)Zp(i) =v<+— Ju< n,[)(H() =uAN He(u) =v)
.
i1, i < n, Jwi, wy < (n,1) 7(Ex, (i1,92) A H(i1) = w1 A H(i2) = wa
— EAf(wl,wg)).

In formula 6'(r) as fixed parameters we use parameters similar to parameters in the
formula 0(t), but add here X; = (Vy, Ex,), ¢ —t = #Ex, and As = (Va,, EA,), s < (n,1)?

as well. Induction goes on variable r and the instance digraph &, = (Vy, Ey,) such
that (g —r) < #Ex,.. Witnesses to the induction are the target digraph with domains
Ap = (VAf’EAf) and the map H from Vy to V. O

5.6 The main result

Theorem 15 (The main result). For any fized relational structure A which corresponds
to an algebra with WNU operation and therefore leads to p-time solvable CSP, the theory
Vj proves the soundness of Zhuk’s algorithm.

Proof. Consider any unsatisfiable CSP instance © = (X, A). Tt is sufficient to show that
in the computation W = (W1, W, ..., W) of the algorithm on X, for all possible types of
algorithmic modifications the theory le proves that W; has a solution only if W;,; has a
solution.

In Section we have shown that V! proves that:

o the instance © has a solution only if it has a solution after cycle-consistency reduction
(Lemma [6]);
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e the instance © has a solution only if it has a solution after irreducible reduction

(Lemma [11));

e the instance © has a solution only if it has a solution after the weaker instance
reduction (Lemma [12)).

The three universal algebra axiom schemes BA 4-axioms, CR 4-axioms, and PC 4-
axioms defined in Section by VE;’b—formuIas validate universal algebra reductions of
any domain D; to a binary absorbing subuniverse, central subuniverse or to an arbitrary
equivalence class of polynomially complete congruence on D;.

Finally, in Section we have shown that V! validates:

o factorization of the instance by minimal linear congruences (Theorem ;
« Gaussian elimination (Lemma [L3));

o decreasing of the solution set to the factorized instance (Theorems Lemma
14).

This completes the proof. ]

The result implies that tautologies ~HOM (X, A) for negative instances of any fixed
p-time CSP have short proofs in any propositional proof system simulating Extended
Resolution and a theory that proves the three universal algebra axioms.

6 Conclusion notes

In the paper we investigate the proof complexity of general CSP. We proved the soundness
of Zhuk’s algorithm in a new theory of bounded arithmetic defined by augmenting the two-
sorted theory V! with three universal algebra axioms. These axioms are designed to verify
universal algebra reductions, while the soundness of consistency reductions and the linear
case of the algorithm is proved directly in the theory V1.

Consistency reductions open the algorithm and represent its most technical part. For-
malization of the consistency reductions uses iteratively defined sets and Ei’b—induction.
The linear case is the last step of Zhuk’s algorithm after all reductions of separate domains.
However, it does not lead to linear equations straightforwardly: structures in the linear
case have to be factorized first. The proof of the soundness of the linear case is based on
the formalization of Gaussian elimination and linear factorization and uses E%’b—induction.

In contrast, universal algebra axioms stand apart. Despite the fact that they can
be defined by VE;’b—formulas, their proof in a theory of bounded arithmetic requires the
formalization of advanced notions from universal algebra and this will be a subject of
further research.

Theorem [5| allows one to consider constraint languages with at most binary relations
instead of general CSP. We tested how to utilize the framework and strategy of getting
short propositional proofs using bounded arithmetic in [I4] on an elementary example
of undirected graphs (the #H-coloring problem). In that case, the theory of bounded
arithmetic corresponds to a weak proof system R*(log), a mild extension of resolution.

Every theory of bounded arithmetic corresponds to some propositional proof system.
The theory V! stands for polynomial time reasoning and corresponds to the Extended
Frege EF proof system (equivalently Extended resolution ER). Our working hypothesis is
that the soundness of Zhuk’s algorithm can be established utilizing only Ei’b—induction.

46



If it is true, then statements ~HOM (X, A) for unsatisfiable instances of polynomial time
CSP(A) will have short propositional proofs in EF. The next step in our program is to
investigate the boundaries of the theory V! in formalizing of universal algebra notions.
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