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Abstract
The constraint satisfaction problem (CSP) can be formulated as a homomorphism problem

between relational structures: given a structure A, for any structure X , whether there exists a
homomorphism from X to A. For years, it has been conjectured that all problems of this type are
divided into polynomial-time and NP-complete problems, and the conjecture was proved in 2017
separately by Zhuk [21] and Bulatov [5].

Zhuk’s algorithm solves tractable CSPs in polynomial time. The algorithm is partly based on
universal algebra theorems, proved in [21]. Informally, they state that after reducing some domain
of an instance to its strong subuniverses, a satisfiable instance maintains a solution.

In this paper, we present the formalization of the proofs of these theorems in the bounded
arithmetic W 1

1 introduced in [16]. The formalization, together with our previous results in [8],
shows that W 1

1 proves the soundness of Zhuk’s algorithm, where by soundness we mean that any
rejection of the algorithm is correct. From the known relation of the theory to propositional
calculus G, it follows that tautologies, expressing the non-existence of a solution for unsatisfiable
instances, have short proofs in G.

1 Introduction
Constraint satisfaction problems (CSPs) form a wide class of decision problems, first studied in 1998
by Feder and Vardi in their attempt to discover a large subclass of NP that exhibits dichotomy [7].
The problem CSP(Γ) consists of a finite set D and a finite collection Γ = {R1, ..., Rn} of relations
on D, or constraint language. The question is, given as input a list of variables V and a list of
constraints C = {C1, ..., Cm} - pairs of tuples of distinct variables and relations Ri, whether there is an
assignment of variables to values in D satisfying the given constraints. If such an assignment exists,
an instance is called satisfiable and unsatisfiable otherwise. The equivalent definition is formulated
as a homomorphism problem between relational structures. The obvious example is the H-coloring
problem, where H is a simple undirected graph without loops, whose vertices are considered as different
colors. The H-coloring of a graph G is an assignment of colors to the vertices of G such that adjacent
vertices of G obtain adjacent colors. The generalization of this problem is a homomorphism problem
from an input directed graph to a fixed target digraph. It is known that the latter problem is universal:
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for any constraint language Γ, CSP(Γ) is logspace equivalent to a homomorphism problem for some
digraph H [2].

The first dichotomy result was formulated by Schaefer in 1978 for a problem over a binary domain
called Generalized Satisfiability [15]. The second result of this form was proved by Hell and Nešetřil
in 1990 for the H-coloring problem [9]. Feder and Vardi conjectured that the whole class of CSPs
satisfies the general dichotomy between P and NP [7], i.e. for a given Γ the problem is either in P or
is NP-complete. The proof of this conjecture was presented in 2017 by Zhuk [21] and Bulatov [5].

Zhuk’s algorithm solves the problem of whether there exists a homomorphism from X to A for any
tractable CSP(A) in polynomial time in size of X , for any fixed A. If an instance is satisfiable, then
the algorithm produces a solution, i.e. a polynomial-size witness of an affirmative answer that one
can independently check in polynomial time. The qualification ’independent’ means that we can check
the validity of the witness irrespective of how it was obtained, i.e. not understanding anything about
Zhuk’s algorithm. That is not the case for unsatisfiable instances. The only apparent polynomial size
witness is the particular computation of Zhuk’s algorithm on the instance.

We use some proof complexity methods (formalization in theories of bounded arithmetic, proposi-
tional translations, etc.) to show that the algorithm may be appended to provide an independent proof
of the correctness of the algorithm for negative answers, too. The witness in the case of the homomor-
phism problem between relational structures is a short propositional proof of a formula ¬HOM(X ,A),
encoding that there is no homomorphism from X to A, in a particular well-known proof system, namely
the quantified propositional calculus G [13]. When relational structures are directed graphs, for exam-
ple, for a given digraph X , the non-existence of a homomorphism from X to A can be expressed by the
fact that a simple and transparent set of clauses is not satisfiable: it is built from propositional atoms
pij , one for each vertex i in X and vertex j in A, and says that the set of pairs (i, j) for which pij is
true is the graph of a map from X to A, which is a homomorphism. Namely, for any two digraphs
X = (VX , EX ), A = (VA, EA), consider the following set of clauses:

• a clause
⋁︁
j∈VA

pi,j for each i ∈ VX (every vertex of X is sent to some vertex of A);

• a clause ¬pi,j1 ∨ ¬pi,j2 for each i ∈ VX and j1, j2 ∈ VA with j1 ̸= j2 (the map is well-defined);

• a clause ¬pi1,j1 ∨ ¬pi2,j2 for every edge (i1, i2) ∈ EX and (j1, j2) /∈ EA (a map is indeed a
homomorphism).

A propositional refutation of these clauses in a transparent propositional calculus, whose soundness
is obvious, thus indeed serves as a simple (and simple to check) witness for a negative answer to the
algorithm.

For this, we establish that the soundness of Zhuk’s algorithm can be proved in a theory of
bounded arithmetic W 1

1 introduced in [16]. By soundness, we mean the formula RejectA(X ,W ) =⇒
¬HOM(X ,A), where RejectA(X ,W ) formalizes naturally that W is the algorithm computation on
input X that results in rejection, and ¬HOM(X ,A) means that there is no homomorphism from X
to A.

In [8] we have shown that for any fixed relational structure A that corresponds to an algebra
A with a WNU operation, a new theory V 1

A proves the soundness of Zhuk’s algorithm. Theory V 1
A

extends the theory V 1, corresponding to the Extended Frege EF proof system, with three universal
algebra axiom schemes BAA-axioms, CRA-axioms, and PCA-axioms. These axiom schemes consist
of finitely many ∀Σ1,b

2 -formulas and reflect the main universal algebra theorems in Zhuk’s paper [21].
Informally, they state that by reducing a domain of an instance to its binary absorbing subuniverse,
central subuniverse, or PC subuniverse (see [22]), the algorithm does not lose all the solutions to the
instance. In the paper, we use bounded arithmetic W 1

1 to formalize the proofs of these three axiom
schemes. We show that all notions used in the proof of the soundness of Zhuk’s algorithm in [21] can
be formalized using bounded quantifier formulas (two or three sorted) and that the statements about
them can be proved in the theory. To show the latter, we selected a number of statements whose proofs
represent all types of argument (in particular, all types of inductive argument) in [21]. To show that
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the formalization exists, we write the formal definitions of all objects used. This is because we need
to know their quantifier complexity (various bounded arithmetic theories differ mainly in the class of
formulas for which they assume induction).

The formalization, together with our previous results in [8] and the known relation of the theory
to propositional calculus G, completes the proof of the following theorem.

Theorem 1 (The main theorem). For any relational structure A such that CSP(A) is in P :
1. Theory W 1

1 proves the soundness of Zhuk’s algorithm. That is, the theory proves the formula
RejectA(X ,W ) =⇒ ¬HOM(X ,A).

2. There exists a p-time algorithm F such that for any unsatisfiable instance X , i.e. such that ¬HOM(X ,
A), the output F (X ) of F on X is a propositional proof of the proposition translation of formula
¬HOM(X ,A) in propositional calculus G.

The paper is organized as follows. In Section 2 we briefly recall all necessary notions and facts
from CSP theory, proof complexity, and bounded arithmetic, and outline the theoretical basis for
Zhuk’s algorithm. In Section 3 we formalize all the notions used in the proof of the soundness of the
algorithm in [21] and formulate three universal algebra axiom schemes. The formalization inherits the
one carried out in [8] and we will not repeat some definitions already introduced there. In section 4
we formalize the proof of these three axiom schemes in theory W 1

1 and prove the main theorem. The
paper is concluded with Section 5 that points out possible continuations of this research.

2 Preliminaries
2.1 A Third-Order Language and Correspondence to Sequent calculus G

In this subsection, most definitions and results are adapted from [6], [11], [12], [16].
Theories of bounded arithmetic, referred to as second-order (or two-sorted first-order) theories use

a specific framework. There are two distinct categories of variables: variables x, y, z, ... of the first kind
are number variables, and they represent natural numbers. Variables X,Y, Z, ... of the second kind
are set variables, and they correspond to finite subsets of natural numbers, which are equivalent to
binary strings. Functions and predicate symbols can involve variables of both types, and functions are
classified as either number-valued or set-valued. Furthermore, there are two distinct types of quantifiers:
those over number variables, called number quantifiers, and those used for set variables, called string
quantifiers. The language used in these second-order theories expands on the conventional language
of Peano arithmetic LPA, and is represented as:

L2
PA = {0, 1,+, ·, | |,=1,=2,≤,∈}.

In this notation, the symbols 0, 1,+, ·,=1 and ≤ are functions and predicates related to the number
variables. The function |X| (called the length of X) is number-valued and indicates the length or
upper bound of the string X. The binary predicate ∈ denotes set membership between number and
set variables, and we abbreviate t ∈ X as X(t), thinking of X(i) as of the i-th bit of binary string X
of length |X|. The relation =2 represents the equality predicate for sets. The set of axioms that define
the basic properties of symbols from L2

PA is denoted by 2-BASIC [6].
When x,X do not occur in a term t, then the expression ∃x ≤ tϕ is equivalent to ∃x(x ≤ t ∧ ϕ),

∀x ≤ tϕ corresponds to ∀x(x ≤ t → ϕ), ∃X ≤ tϕ corresponds to ∃X(|X| ≤ t ∧ ϕ) and ∀X ≤ tϕ stands
for ∀X(|X| ≤ t → ϕ). Quantifiers used in this manner are called bounded. A bounded formula refers to
any formula in which every quantifier is bounded. We denote by Σ1,b

0 = Π1,b
0 the set of formulas with

all number quantifiers bounded and with no string quantifiers. For i ≥ 0, Σ1,b
i (resp. Π1,b

i ) is the set
of formulas of the form ∃X̄ ≤ t̄ϕ (resp. ∀X̄ ≤ t̄ϕ), where ϕ is the Π1,b

i -formula (resp. Σ1,b
i -formula),

and t̄ is a sequence of L2
PA-terms that do not involve any variable in X̄.
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Let Φ be a set of two-sorted formulas, and ϕ ∈ Φ. The number induction axiom scheme for the set
Φ, denoted by Φ-IND, is the set of formulas

ϕ(x̄, X̄, 0) ∧ ∀y(ϕ(x̄, X̄, y) → ϕ(x̄, X̄, y + 1)) → ∀zϕ(x̄, X̄, z). (1)

The number minimization axiom scheme (or the least number principle) for the set Φ is denoted by
Φ-MIN and consists of the formulas

ϕ(x̄, X̄, y) → ∃z ≤ y(ϕ(x̄, X̄, z) ∧ ¬∃u < z ϕ(x̄, X̄, u)). (2)

Finally, the comprehension axiom scheme Φ-COMP is the set of all formulas

∀y∃Y ≤ y ∀z < y ϕ(x̄, X̄, z) ⇐⇒ Y (z). (3)

and Y does not occur free in ϕ(x̄, X̄, z).

Definition 1 (The theory V 1). The theory V 1 is a second-order theory axiomatized by 2-BASIC,
Σ1,b

0 -COMP, and Σ1,b
1 -IND.

In general, for i ≥ 0, V i is the same as V 1 except that Σ1,b
1 -IND is replaced by Σ1,b

i -IND.

Lemma 1. For i > 0, the theory V i proves Σ1,b
i -COMP and Σ1,b

i -MIN.

To refer to exponentially large objects such as power sets, congruences on products of algebras,
and so forth, we use the setting introduced in [16]. In addition to free and bound variables of first
and second sorts, we consider variables of a third sort that represent finite sets of finite sets, named
A,B, C, ... and X, Y,Z, .... We refer to second-sort objects as ’strings’, and to third-sort objects as
’classes’ (note that in the original setting in [16] classes were referred to as ’superstring’, but this name
does not reflect the type of objects we discuss). The language L3

PA contains an additional symbol for
the third-order membership predicate A ∈3 B,

L3
PA = {0, 1,+, ·, | |,=1,=2,≤,∈2,∈3}.

Classes can be also thought of as strings of bits, where each bit is indexed by a set referred to as
bit-index. There is no length-function analog for classes, so the ’length’ of a class in this setting is
the lexicographically maximal bit-index under consideration. Number terms are defined as in V 1,
not including any reference to third-order variables, while formulas additionally may have third-order
variables and quantifiers. Although third-order variables are unbounded because of the absence of
a length function, they will be implicitly bounded, in the sense that the bounds on first-order and
second-order quantifiers will limit the part of the class that affects the truth value of a given formula.

We extend the hierarchy Σ1,b
i of second-order formulas to third-order classes ΣB

i that consist of
those formulas with arbitrarily many bounded first-order and second-order quantifiers, and exactly i
alternating unbounded third-order quantifiers, the outermost being restricted, i.e. equivalent to the
existential quantifier. Let Φ be a set of third-sorted formulas. The number induction axiom scheme
for the set Φ, Φ-IND, is the set of formulas

ϕ(x̄, X̄,X̄, 0) ∧ ∀y(ϕ(x̄, X̄,X̄, y) → ϕ(x̄, X̄,X̄, y + 1)) → ∀zϕ(x̄, X̄,X̄, z). (4)

We define the following two comprehension axiom schemes. Φ-2COMP is defined as

∀y∃Y ≤ y∀z ≤ y
(︁
ϕ(x̄, X̄,X̄, z) ⇐⇒ Y (z)

)︁
, (5)

and Φ-3COMP is
∀y∃Y(∀Z ≤ y)

(︁
ϕ(x̄, X̄,X̄, Z) ⇐⇒ Y(Z)

)︁
, (6)

where in each case ϕ ∈ Φ subjects to the restriction that neither Y nor Y occur free in ϕ.
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Definition 2 (The theory W 1
1 , [16]). Theory W 1

1 is a third-sorted theory axiomatized by induction
axiom scheme ΣB

1 -IND, and both comprehension axiom schemes ΣB
0 -2COMP, ΣB

0 -3COMP.

In general, for i ≥ 0, W i
1 is the same as W 1

1 except that ΣB
1 -IND is replaced by ΣB

i -IND. Thus,
ΣB

0 -definable functions of number and string arguments are usual p-time hierarchy functions. ΣB
1 -

definable functions of W 1
1 are exactly FPSPACE+, a third-order analogue of PSPACE functions (see

[17]). W 1
1 can ΣB

0 -define all number and string-valued functions of number and string arguments from
the polynomial-time hierarchy.

The class of quantified propositional formulas, denoted by Σq∞, is the smallest class of formulas
containing atoms 0, 1, and closed under logical connectives and Boolean quantification: if ϕ(x) is
a formula in Σq∞, then so are ∃xϕ(x) and ∀xϕ(x), and the meaning is ϕ(0) ∨ ϕ(1) and ϕ(0) ∧ ϕ(1),
respectively. The proof system G for quantified propositional formulas extends a classical proof system,
the sequent calculus LK, see [12].

Definition 3 (Sequent calculusG). Quantified propositional calculusG extends system LK by allowing
Σq∞-formulas in sequents and by accepting two quantifier rules:

1. ∀ :introduction
left: ϕ(ψ),Γ −→ ∆

∀xϕ(x),Γ −→ ∆ right: Γ −→ ∆, ϕ(p)
Γ −→ ∆,∀xϕ(x)

2. ∃ :introduction
left: ϕ(p),Γ −→ ∆

∃xϕ(x),Γ −→ ∆ right: Γ −→ ∆, ϕ(ψ)
Γ −→ ∆,∃xϕ(x)

where ψ is any formula such that no variable occurrence free in ψ becomes quantified in ϕ(ψ), and
variable p does not occur in lower sequences of inference rules.

In [6] there is presented the well-known translation of any ϕ(x̄, X̄) ∈ Σ1,b
0 into a family of proposi-

tional formulas,
||ϕ(x̄, X̄)|| = {ϕ(x̄, X̄)[m̄, n̄] : m̄, n̄ ∈ N} (7)

such that the following lemma holds:

Lemma 2 ([6]). For every Σ1,b
0 (L2

PA) formula ϕ(x̄, X̄), there is a constant d ∈ N and a polynomial
p(m̄, n̄) such that for all m̄, n̄ ∈ N, the propositional formula ϕ(x̄, X̄)[m̄, n̄] has depth at most d and
size at most p(m̄, n̄).

Propositional translation of formulas Σ1,b
0 (L2

PA) can be extended to the translation of any bounded
L2

PA-formula into a quantified propositional formula, using strings of Boolean quantifiers to represent
second-order quantifiers, [6]. Let us denote the class of all bounded L2

PA formulas by

Σ1,b
∞ =

⋃︂
i

Σ1,b
i =

⋃︂
i

Π1,b
i .

The following theorem establishes the correspondence between theory W 1
1 and quantified propositional

calculus G. It follows from [16], specifically from Theorems 12, 13.

Theorem 2. Suppose that ϕ(x̄, X̄) is a Σ1,b
∞ formula such that W 1

1 ⊢ ϕ(x̄, X̄). Then the propositional
family ||ϕ(x̄, X̄)|| has quantified propositional calculus proofs of polynomial size. That is, there is
a polynomial p(m̄, n̄) such that for all 1 ≤ m̄, n̄ ∈ N, ϕ(x̄, X̄)[m̄, n̄] has a G-proof of size at most
p(m̄, n̄). Furthermore, there is an algorithm that finds a G-proof of ϕ(x̄, X̄)[m̄, n̄] in time bounded by
a polynomial in (m̄, n̄).
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2.2 Universal algebra basics
We say that a vocabulary is a finite set of relational symbols R1,..., Rn of a fixed arity. A relational
structure over the vocabulary is a tuple A = (A,RA

1 , ..., R
A
n ) such that A ̸= ∅ is the universe of A,

and each RA
i is a relation on A of the same arity as Ri. If X , A, are relational structures over the

same vocabulary R1,..., Rn, then a homomorphism h from X to A is a mapping h : X → A such that
for every m-ary relation RX and every tuple (x1, ..., xm) ∈ RX we have (h(x1), ..., h(xm)) ∈ RA.

An algebra A = (A, f1, f2, ...) is a pair of a domain A and basic operations f1, f2, ... of fixed arities
from language (or type) Σ = {f1, f2, ...}. The subset of n-ary function symbols in Σ is denoted by
Σn. If we denote by X the set of all variables, then the set of terms of type Σ is the smallest set that
contains X ∪ Σ0, and if p1, ..., pn are terms and f ∈ Σn, then the string f(p1, ..., pn) is also a term. An
identity of type Σ over X is an expression of the form s ≈ t where s, t are terms. We call the set of all
term operations of algebra A = (A,F ) the clone of term operations of A, and denote it by Clone(A).
In general, for any set of operation O on A, we denote by Clone(O) the set of all term operations
generated by O.

An m-ary operation f : Am → A is a polymorphism of an n-ary relation R ∈ An (or f preservers R,
or f is compatible withR, orR is invariant under f) if f(a1̄, ..., am̄) ∈ R for all tuples a1̄, ..., am̄ ∈ R. For
any relational structure A we denote by Pol(A) the set of all operations on A preserving each relation
from A. Generally, for every set of relations Γ on A, by Pol(Γ) we denote the set of all polymorphisms
of Γ. The following theorem establishes the connection between algebras and relational structures.

Theorem 3 ([3]). For any algebra A there exists relation structure A such that Clone(A) = Pol(A).

A subset B ⊆ A is a subuniverse of algebra A if it is closed under all operations of A. Any
subuniverse B can be viewed as an algebra B, and we call it subalgebra of A, denoted by B ≤ A. For
every subset B ⊆ A we denote by Sg(B) the subalgebra generated by B, i.e. the minimal subalgebra
of A containing B. For any subset B, Sg(B) can be generated by a closure operator Cl, defined as
follows: Cl(B) = B ∪ {f(a1, ..., an) : f is a basic operation on A, a1, ..., an ∈ B}, and Clt(B) for t ≥ 0
by Cl0(B) = B,Clt+1(B) = Cl(Clt(B)). Then, Sg(B) = B ∪ Cl(B) ∪ Cl2(B) ∪ ...

An equivalence relation σ on A such that any term operation on A is compatible with it is a
congruence. Trivial congruences on A are the diagonal relation ∆A = {(a, a) : a ∈ A} and the full
relation ∇A = A2. A congruence is maximal if it is inclusion maximal. For any congruence σ on A, one
can introduce a quotient (or factor) algebra A/σ. As the universe A/σ has the set of σ-classes A/σ and
the operations there are defined using arbitrary representatives from A/σ. Due to the compatibility
property, this will indeed define a function on A/σ. A congruence σ defines a subalgebra of A2: when
applying term operation to elements from σ coordinatewise, compatibility property gives an element
from σ. In general, any invariant under all term operation n-ary relation R on A forms a subalgebra
of An.

2.3 Constraint satisfaction problems
For this section, some definitions, examples, and results are adapted from [2], [21], and [23]. We define
a constraint satisfaction problem as in [21].

Definition 4 (CSP [21]). An instance of constraint satisfaction problem (CSP) over finite domains is
a triple Θ = (X,D,C), where

• X = {x0, ..., xn−1} is a finite set of variables,

• D = {D0, ..., Dn−1} is a set of non-empty finite domains,

• C = {C0, ..., Ct−1} is a set of constraints.

Each variable xi can take values over the corresponding domain Di. Every constraint Cj ∈ C is a pair
(x⃗j , ρj), where x⃗j is a tuple of variables of length mj , called a constraint scope, and ρj is an mj-ary
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relation on the product of the domains, called a constraint relation. The solution to the instance Θ is
an assignment to every variable xi such that for each constraint Cj the image of the constraint scope
is a member of the constraint relation.

In the definition above we can consider every Di as a unary constraint relation over the superdomain
imposed on a variable xi. In such an interpretation, the definition coincides with a classical one, given
for example in [2]. We can define the CSP equivalently as a homomorphism problem between relational
structures.

Definition 5. Let A be a relational structure over a vocabulary R1,..., Rn. In the constraint sat-
isfaction problem associated with A, denoted by CSP(A), the question is, given a structure X over
the same vocabulary, whether there exists a homomorphism from X to A. We will call A the target
structure and X the instance (or input) one.

We call a set of relations Γ over a finite domain a constraint language. A CSP associated with Γ,
denoted by CSP(Γ), is a subclass of CSP such that any constraint relation in any instance of CSP(Γ)
belongs to Γ. For years, it has been conjectured that for any constraint language Γ, CSP(Γ) is either
polynomial time or NP-complete. To formulate the CSP dichotomy theorem, we need the following
notion. We call an operation Ω on a set A a weak-near unanimity operation (WNU) if it satisfies the
identities

Ω(y, x, x, ..., x) = Ω(x, y, x, ..., x) = ... = Ω(x, x, ..., x, y)

for all x, y ∈ A. An operation Ω is called idempotent if Ω(x, ..., x) = x for every x ∈ A, and is
called special if for all x, y ∈ A, Ω(x, ..., x,Ω(x, ..., x, y)) = Ω(x, ..., x, y). It is known [14] that for any
idempotent WNU operation Ω on a finite set, there exists a special WNU operation Ω′ ∈ Clone(Ω).

Theorem 4 (CSP dichotomy theorem [21]). Suppose Γ is a finite set of relations on a set A. Then
CSP(Γ) can be solved in polynomial time if there exists a WNU operation Ω on A preserving Γ; CSP(Γ)
is NP-complete otherwise.

Instead of a constraint language Γ, it is reasonable to consider larger classes of languages containing
Γ, whenever there is a polynomial time reduction. The so-called primitive-positive (abbreviated by
pp) constructions provide such a reduction between the corresponding CSPs, i.e. if Γ pp-constructs
Γ′, then CSP(Γ′) is log-space reducible to CSP(Γ). Pp-construction is the most general technique
for simulation between CSPs, which contains pp-interpretations and pp-definitions. We say that a
language Γ pp-defines Γ′ if every relation in Γ′ can be defined by a first-order formula which only uses
relations in Γ, the equality relation, conjunction, and existential quantification. The following theorem
explains the importance of this special case of constructions.

Theorem 5. Let A = (A,Γ) be a finite relational structure, and let R ⊆ An be a non-empty relation.
Then R is preserved by all polymorphisms of Γ if and only if R is pp-definable from Γ.

Thus, all relations pp-definable over Γ are invariant under all polymorphisms that preserve Γ. We
will not define two other techniques, since their definitions are irrelevant to the matter of the paper,
and we refer the reader to [2] for more information. We only mention two known results.

Theorem 6 ([1]). A constraint language Γ pp-interpreters a constraint language Γ′ if and only if in
Pol(Γ′) there exist operations satisfying all identities that are satisfied by operations in Pol(Γ).

Thus, pp-interpretability does not change the identities satisfied in the corresponding algebras. The
next result allows one to work with at most binary constraint languages, which often simplifies the
representation of the problem.

Theorem 7 ([2]). For any constraint language Γ there is a constraint language Γ′ such that all relations
in Γ′ are at most binary and Γ and Γ′ pp-constructs each other.

7



At the end of this section, we define some properties of CSP instances that express different levels
of consistency. A relation R ⊆ Di1 × ...×Dik is called subdirect if for every i projection of R into the
coordinate i-th is equal to Di. A CSP instance is called 1-consistent if for every constraint Ci of the
instance the corresponding relation Ri ⊆ Di1 × ...×Dik is subdirect. Any instance can be turned into
1-consistent with the same set of solutions using a simple algorithm [2]. Consider a CSP instance Θ
on a domain D = {D0, ..., Dn−1}, and let Dy denote the domain of the variable y ∈ {x0, ..., xn−1}.
We say that the sequence y1 − C1 − y2 − ... − yl−1 − Cl−1 − yl is a path in Θ if {yi, yi+1} are in the
scope of Ci for every i < l (regardless of the order of the variables yi, yi+1 in Ci). We say that a path
connects b and c if for every i there exists ai ∈ Dyi

such that a1 = b, al = c and the projection of Ci
onto {yi, yi+1} contains the tuple (ai, ai+1). Then Θ is called cycle-consistent if it is 1-consistent and
for every variable y and a ∈ Dy any path starting and ending with y connects a and a. We say that Θ
is linked if for every variable y in the scope of a constraint C and for all a, b ∈ Dy there exists a path
starting and ending with y in Θ that connects a and b. An instance is called fragmented if the set of
variables X can be divided into 2 disjoint sets X1 and X2 such that each of them is non-empty, and
the constraint scope of any constraint of the instance has variables either only from X1, or only from
X2. We call an instance Θ = (X,D,C) irreducible if any instance Θ′ = (X ′, D′, C ′) such that X ′ ⊆ X,
D′
x = Dx for every x ∈ X ′, and every constraint of Θ′ is a projection of a constraint from Θ on some

subset of variables from X ′, is fragmented, or linked, or its solution set is subdirect. Finally, we say
that a constraint C1 = ((y1, ..., yt), R1) is weaker or equivalent to a constraint C2 = ((z1, ..., zs), R2) if
{y1, ..., yt} ⊆ {z1, ..., zs} and C2 implies C1, i.e. the solution set to Θ1 = ({z1, ..., zs}, (Dz1 , ..., Dzs

), C1)
contains the solution set to Θ2 = ({z1, ..., zs}, (Dz1 , ..., Dzs), C2). We say that C1 is weaker than C2
(denoted by C1 ≤ C2) if C1 is weaker or equivalent to C2, but C1 does not imply C2. Thus, there are
2 types of weaker constraints: C1 ≤ C2 if either the arity of the relation R1 is less than the arity of
relation R2 and for any tuple (az1 , ..., azs

) ∈ R2, (ay1 , ..., ayt
) ∈ R1, or the arities of relations R1 and

R2 are equal, and R2 ⊊ R1.

2.4 Zhuk’s algorithm
Zhuk’s algorithm solves polynomial-time CSP cases and is based on the fact that in a CSP instance,
any domain has either one of three kinds of proper strong subsets or an equivalence relation modulo
which the domain is a product of prime fields. We first define these kinds of strong subsets.

Definition 6 (Absorbing subuniverse). If B = (B,FB) is a subalgebra of A = (A,FA), then B absorbs
A if there exists an n-ary term operation f ∈ Clone(FA) such that f(a1, ..., an) ∈ B whenever the set
of indices {i : ai /∈ B} has at most one element. B binary absorbs A if there exists a binary term
operation f ∈ Clone(FA) such that f(a, b) ∈ B and f(b, a) ∈ B for any a ∈ A and b ∈ B.

Definition 7 (Central subuniverse). A subuniverse C of A is called central if it is an absorbing
subuniverse and for every a ∈ A\C we have (a, a) /∈ Sg({a} × C ∪ C × {a}).

Every central subuniverse is a ternary absorbing subuniverse. In the original version of the algo-
rithm, Zhuk uses a stronger notion of a center [21]. However, it is known that a central subuniverse
has all the good properties of a center and can be used in the algorithm instead of the center. Both
versions of the algorithm, with the center or central universe, will correctly answer whether an instance
has a solution.

Definition 8 (Polynomially complete algebra). An n-ary operation f on algebra A = (A,FA) is called
polynomial if there exist some (n + t)-ary operation g ∈ Clone(FA) and constants a1, ..., at ∈ A such
that for all x1, ..., xn ∈ A, f(x1, ..., xn) = g(x1, ..., xn, a1, ..., am). We call an algebra A = (A,FA)
polynomially complete (PC) if its polynomial clone is the clone of all operations on A.

In simple words, a universal algebra A is polynomially complete if every function on A with values
in A is a polynomial function. The notion of linear algebra in the following form was introduced by
Zhuk in [21].
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Definition 9 (Linear algebra, [21]). An idempotent finite algebra A = (A,Ω), where Ω is an m-ary
idempotent special WNU operation, is called linear if it is isomorphic to (Zp1 × ...×Zps

, x1 + ...+xm)
for prime (not necessarily distinct) numbers p1, ..., ps. For every finite idempotent algebra, there exists
the smallest congruence (not necessarily proper), called the minimal linear congruence, such that the
factor algebra is linear.

Theorem 8 ([21]). If A is a non-trivial finite idempotent algebra with WNU operation, then at least
one of the following is true:

• A has a non-trivial binary absorbing subuniverse,

• A has a non-trivial central absorbing subuniverse,

• A has a non-trivial PC quotient,

• A has a non-trivial linear quotient.

We now briefly sketch Zhuk’s algorithm without any details that are not important for the matter
of the paper. For further information, we refer the reader to papers [21], [22]. Consider any finite
language Γ′ preserved by an idempotent special WNU operation Ω′. Before running the algorithm,
produce the following modifications of the language. If k′ is the maximal arity of the relations in Γ′,
then denote by Γ the set of all relations preserved by Ω of arity at most k′. Since all pp-definable
relations of arity at most k′ are in Γ, it follows that CSP(Γ′) is an instance of CSP(Γ). Consider a
CSP instance of CSP(Γ), Θ = (X,D,C).

The algorithm is divided into two parts, which we will call general and linear parts. In the general
part, the main idea is to gradually reduce domains until the algorithm moves to the linear part. There
are several types of reduction. At any step, the algorithm either produces a reduced domain, or moves
to the other type of reduction, or answers that there is no solution. When the algorithm reduces
domains, it uses recursion: after outputting a reduced domain, the algorithm runs from the beginning
for the same instance Θ but with a smaller domain D′. The algorithm first reduces domains based
on different types of consistency and then based on different kinds of strong subuniverses. Thus, the
algorithm checks if the instance is cycle-consistent. If not, it reduces the domains until it is. Further,
the algorithm checks the irreducibility. Again, if the instance is not irreducible, the algorithm produces
a reduction to some domain. Finally, it checks a weaker instance that is produced from the instance
by simultaneously replacing all constraints with all weaker constraints: if the solution set to such an
instance is not subdirect, then the algorithm reduces a domain. It is easy to prove that the instance
after these consistency reductions does not lose any solution. After these steps, the reduction will be
based on strong subuniverses. First, the algorithm checks whether domains have a non-trivial binary
absorbing subuniverse or a non-trivial central subuniverse. If any of them does, the algorithm reduces
the domain to the subuniverses. The algorithm then checks whether there are proper congruences on
domains such that their factor algebras are polynomially complete. If there is such a congruence, then
the algorithm reduces the domain to some equivalence class of the congruence. The reduction to these
strong subsets is justified by the following theorems, proved in [21].

Theorem 9 ([21]). Suppose Θ is a cycle-consistent irreducible CSP instance, and B is a non-trivial
binary absorbing subuniverse of Di. Then Θ has a solution if and only if Θ has a solution with xi ∈ B.

Theorem 10 ([21],[22]). Suppose Θ is a cycle-consistent irreducible CSP instance, and B is a non-
trivial central subuniverse of Di. Then Θ has a solution if and only if Θ has a solution with xi ∈ B.

Theorem 11 ([21]). Suppose Θ is a cycle-consistent irreducible CSP instance, there does not exist
a non-trivial binary absorbing subuniverse or a non-trivial center on Dj for every j, (Di,Ω)/σi is a
polynomially complete algebra, and E is an equivalence class of σi. Then Θ has a solution if and only
if Θ has a solution with xi ∈ E.
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If at some point after the consistency reductions, there are no strong subuniverses in any domain,
then by Theorem 8 there must be a non-trivial linear congruence on every domainDi, and the algorithm
moves to the linear part. In that part, the algorithm considers minimal linear congruences in every
domain and constructs the so-called factorized instance ΘL. This instance can be viewed as a system
of linear equations and solved by polynomial-time Gaussian elimination. After that, the algorithm
starts to compare the solution set to the original instance, factorized by linear congruences, with the
solution set to the factorized instance. If the inclusion is proper, the algorithm adds a new linear
equation to the system until a solution is found. For comparison, the algorithm restricts domains to
some equivalence classes and again calls the recursion. We will not elaborate further on this part of
the algorithm, since its formalization was already presented in [8].

2.5 Soundness of Zhuk’s algorithm in a theory of bounded arithmetic
Under the soundness of Zhuk’s algorithm, we mean that any rejection of the algorithm is correct. To
establish the soundness of the algorithm in a theory of bounded arithmetic, it suffices to prove that
after every step the algorithm preserves some of the solutions to the initial instance.

Consider any relational structure A and some negative instance Θ = (X ,A) of CSP(A), i.e. such
that there is no homomorphism from X to A. Consider the computation of the algorithm on (X ,A),
W = (W1,W2, ...,Wk), where:

• W1 = (X ,A);

• Wi+1 = (Xi+1,Ai+1) is obtained from Wi = (Xi,Ai) by one algorithmic step, i.e. Xi+1 and Ai+1
are some in-between modifications of relational structures Xi,Ai;

• Wk has no solution.

Assume that a theory of bounded arithmetic proves that with each step of the algorithm, a modified
instance Wi+1 has a solution only if Wi does, and that the algorithm terminates without a solution.
Then the theory proves - by its level of bounded induction - that X is unsatisfiable and hence that
¬HOM(X , Ä) is a tautology. Note that proving the converse is not essential for establishing the
algorithm’s soundness. Additionally, there is no need to demonstrate that the algorithm is well-defined.
The detailed record of the algorithm’s execution can encompass all required additional details.

In [8] we proved the soundness of Zhuk’s algorithm in a new theory of bounded arithmetic, namely
V 1 augmented with three universal algebra axiom schemes that reflect Theorems 9, 10, and 11. We
will formalize these axiom schemes in Section 3.10. In this paper, we formalize the proof of these
theorems in theory W 1

1 . Together with the results in [8], it implies the soundness of Zhuk’s algorithm
in W 1

1 .

3 Formalization of notions
In this section, we shall formalize the notions of universal algebra that will be used to prove Theorems
9, 10, and 11.

Based on Theorem 7, we can restrict ourselves to languages with at most binary constraints. This
simplifies the formalization for the reader, but does not change the way it is performed. We want to
stress that all the results in the paper can be extrapolated to any other finite constraint language.

The formalization of part of the notions was introduced in [8] and we refer the reader to that paper
for the relations defining a special WNU operation SwNUm, a polymorphism Polm,2, Polm,1, Pol, a
congruence and a proper congruence Congm, pCongm, an undirected cycle CY CLE, an undirected
path PATH, and a 1-consistent, cycle-consistent, linked, fragmented, and irreducible instance, i.e.
1C, CCInst, LinkedInst, FragmInst, and IRDInst respectively. We also refer the reader to [8] for
the formalization of all consistency reductions, and the linear part of the algorithm.
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We know of no way to prove that a formalization exists other than actually doing it. This leads
to a quite formal (and occasionally tedious) text with long formulas. Writing the formulas explicitly
allows us to see that their bounded quantifier complexity is what is claimed.

Notation 1. To simplify the notation, we will denote relations on numbers using capital letters and
functions using lowercase letters. We sometimes omit arguments in relations that are implied and do
not affect the content of the relation. We index elements of sets starting with 0, while all indices not
related to elements of sets (for example, a sequence of relations) start from 1.

3.1 Auxiliary relations and functions
For any two relations R1, R2 of the same arity, we will use standard denotations for R1 ⊆ R2, R1 ⊊ R2,
R1 = R2, and R1 ̸= ∅. We introduce the following relations and functions as in [6], [16].

If x, y ∈ N, we define the pairing function ⟨x, y⟩ to be the following term

⟨x, y⟩ = (x+ y)(x+ y + 1)
2 + y. (8)

Theory V 1 proves that the pairing function is a bijection from N × N to N, and that x, y ≤ ⟨x, y⟩ <
(x+ y + 1)2 for all x, y. Inductively, we get

⟨x1, x2, ..., xk⟩ = ⟨...⟨⟨x1, x2⟩, x3⟩, ..., xk⟩, (9)

where x1, x2, ..., xk ≤ ⟨x1, x2, ..., xk⟩ < (x1 + x2 + ... + xk + 1)2k . For any set Z, m ≥ 2, we will
abbreviate Z(⟨x1, ..., xm⟩) by Z(x1, ..., xm). We use the pairing function to code functions by sets. We
express that Z is a function from sets X1, ..., Xn to a set Y by stating

∀x1 ∈ X1, ...,∀xn ∈ Xn∃!y ∈ Y Z(x1, ..., xn, y).

We will denote it as Z(x1, ..., xn) = y. Using the pairing function, we can code relations of any fixed
arity. Finite functions are usually represented by their digraphs. We can add pairing functions for
second-order objects, such as ⟨X,Y ⟩ and ⟨x, Y ⟩, using the following natural definitions.

⟨X,Y ⟩ = Z(i, a) ⇐⇒ (i = 0 ∧X(a)) ∨ (i = 1 ∧ Y (a)), (10)

and
⟨x, Y ⟩ = Z(i, a) ⇐⇒ i = x ∧ Y (a). (11)

The string function row(i, Z), or Zi, representing the row i of a binary array Z, has a bit-defining
axiom:

Zi(a) = row(i, Z)(a) ⇐⇒ (a < |Z| ∧ Z(i, a)). (12)

We can use row to represent a tuple Z1, ..., Zk of strings by a single string Z. We use a similar idea
to allow Z coding a sequence y0, y1, ... of numbers. Now yi is the smallest element of Zi, or |Z| if Zi
is empty. The number function seq(i, Z) (also denoted by zi) has the following defining axiom:

a = seq(i, Z) ⇐⇒ (a < |Z| ∧ Z(i, a) ∧ ∀b < a,¬Z(i, b))∨
∨(∀b < |Z|,¬Z(i, b) ∧ a = |Z|).

(13)

For a third-order variable X define X[x](Y ) ≡ X(⟨x, Y ⟩) and X[X](Y ) ≡ X(⟨X,Y ⟩). This notation
allows one to consider X as an array with rows indexed by numbers or strings, where each row is a
third-order object. Note that as opposed to a string-valued function row(i, Z), this notation is just
an abbreviation of the formula, not a class-valued function. However, if we can bound the size of all
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strings in a class we are interested in by some value s, then we can define a string-valued function
row̃(·) analogous to row(·),

row̃(i,X, s) = Y ⇐⇒ (|Y | < s ∧ X[i](Y ) ∧ ∀Y ′ < Y ¬X[i](Y ′))∨
∨(∀Y ′ < s¬X[i](Y ′) ∧ ∀a < s, ¬Y (a) ∧ |Y | = s ∧ Y (s− 1)),

(14)

where Y ′ < Y is string ordering relation (17). Thus, the function returns the minimum string (due to
string ordering) Y of length less than s such that X[i](Y ) or, if such a string does not exist, the string
Y of length s with the only element s− 1 ∈ Y . An analogous function row̃(X,X, s) can be defined for
string indexing.

Given a set X, the census function #X(n) for X is a number function defined for n ≤ |X| such that
#X(n) is the number of x < n, x ∈ X. Thus, #X(|X|) is the number of elements in X. The following
relation says that #X is the census function for X:

Census(X, #X) ⇐⇒ #X ≤ ⟨|X|, |X|⟩ ∧ #X(0) = 0 ∧ ∀x < |X|
(x ∈ X → #X(x+ 1) = #X(x) + 1 ∧ x /∈ X → #X(x+ 1) = #X(x)).

(15)

It can be easily shown that V 1 proves that for any set X there exists its census function. To get the
maximum or minimum elements of the set R, we define functions max and min naturally:

max(R) = |R| − 1,
min(R) = x ⇐⇒ ∀y < |R|, R(y) → x ≤ y.

(16)

We define the ordering relation for strings as follows:

X ≤ Y ⇐⇒ X = Y ∨
(︁
|X| ≤ |Y | ∧ ∃z ≤ |Y |(Y (z) ∧ ¬X(z)∧

∧∀u ≤ |Y |, z < u → (X(u) → Y (u)))
)︁
.

(17)

That is, we compare strings based on numbers they represent as binary coding (the greater the number,
the greater the string). Finally, we give Σ1,b

0 bit-definitions of the string functions ∅ (constant empty
string) and S(X) (successor):

∅(z) ⇐⇒ z < 0, (18)

and
S(X)(i) ⇐⇒

(︁
i ≤ |X| ∧ ((X(i) ∧ ∃j < i,¬X(j)) ∨ (¬X(i) ∧ ∀j < i,X(j)))

)︁
. (19)

3.2 A−Monster Set: objects we have in advance
In this section, we describe the list of objects we will further refer to as objects given in advance. The
algorithm works for any finite algebra with a weak near unanimity (WNU) term and uses the fact that
this term and all the algebra properties are known. From now on, we fix the algebra A = (A,Ω), fix
l to be its size, and suppose that the only basic operation of A is an idempotent special WNU m-ary
operation Ω. To be consistent with Zhuk’s paper, we do not use bold font for subuniverses of A. We
encode the algebra A with a pair of sets (A,Ω), where |A| = l, A(i) for every i, and Ω is a set of
size ((m + 1)l)2m+1 , while all subuniverses of A are encoded by subsets of A closed under Ω. Due to
Theorem 3, there is a corresponding relational structure A such that Clone(A) = Pol(A), and we fix
the notation A = (A,ΓA), where the encoding of ΓA is explained below.

Let Sound(A) denote the soundness of Zhuk’s algorithm for algebra A, i.e. the formalization that
if the algorithm rejects an instance, then the instance has no solution. In theory T we can consider
proving not just Sound(A) but more generally an implication of the form

Cond(A) =⇒ Sound(A),
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where Cond(A) is any recursively enumerable property of algebra A. It can be written as

∃Y Cond0(A, Y ),

where Y , in general, cannot be bounded (even recursively), and Cond0 can be a second-order bounded
formula. In our case, Y is a list of various objects such as subuniverses, binary relations preserved by
Ω on A or any subuniverse D of A, ternary operations on A, isomorphisms from subalgebras (D,Ω)
of A to products of finite fields, etc. together with V 0-proofs of their various Σ1,b

0 -properties. The
proofs are given simply by exhaustive searching, unwinding all quantifiers. Therefore, the size of the
monster list Y may be huge, in particular exponential, in the size of A, but in general it does not
matter: whatever function of l it is, it is a constant for fixed l.

Note that if W witnesses Cond(A), we can prove Cond0(A,W ) in V 0 (a constant size proof) and
apply modus ponens to the implication above to deduce Sound(A), which is what we really want to
prove in T . This argument applies whenever T contains V 0, which is true in our case.

The use of this can be illustrated as follows. Assume P (D) and Q(D) are two bounded properties
of a subuniverse D of A and assume that in the monster set Y we have two lists of all subuniverses
together with proofs that they do or do not satisfy P and Q respectively. A universal statement

∀D, subAlgebra(D,A), P (D) → Q(D)

can then be simply proved by going through Y and checking that every D in the list of those satisfying
P is also in the list of those satisfying Q; this uses a composition of proofs listed in Y . Another
example of use is the following. The properties of Z that may involve second-order universal bounded
quantifiers, as, for example, in

∀D, subAlgebra(D,A), ϕ(Z,D)

with ϕ ∈ Σ1,b
0 , can be rewritten as Σ1,b

0 -formulas: replace the universal quantifier by a large (but
constant size) conjunction over all subalgebras of A as listed in the monster set Y .

This allows us to use well-known facts from universal algebra, as well as facts proved by Zhuk in
[21], without proving them in a theory of bounded arithmetic when it comes to the formalization of
objects related exclusively to algebra A. For example, we will not prove that any PC congruence σ on
A is maximal or that polynomially complete algebra A/σ is simple. Although we believe that all the
properties of different objects on A needed in the argument can be proved in Σ1,b

1 -reasoning even with
A variable, it is not necessary for our purpose. On the contrary, we shall prove any property related
to an input structure since this structure is variable.

We further list all the given in advance objects related to A we will use in the formalization, so-called
A-Monster set. All of them will be defined in detail in the corresponding sections.

• All subuniverses of A and any of its subuniverse D, the lists Γ1
A, Γ1

D;

• All binary relations on A and any of its subuniverse D, compatible with Ω, the lists Γ2
A, Γ2

D;

• All congruences σ on A and any of its subuniverse D, the lists ΣA, ΣD;

• All factor sets for congruences σ on A and any of its subuniverse D, A/σ and D/σ, and all
operations Ω/σ, the lists AA(i, A/ΣA,i,Ω/ΣA,i), AD(i,D/ΣD,i,Ω/ΣD,i);

• All maximal congruences on A and any of its subuniverse D, the lists ΣmaxA , ΣmaxD ;

• For all congruences σ on A and any of its subuniverse D, the lists of all unary and binary quotient
relations on A and D, compatible with Ω/σ. We will denote the lists by ΓA/σ, ΓD/σ.

• The sets of all binary and ternary polymorphisms on A and any of its subuniverse D, the lists
Π2

A,Π3
D;
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• For all congruences σ on A and any of its subuniverse D, the sets of all binary and ternary
polymorphisms on A/σ and D/σ, the lists Π2

A/σ,Π3
D/σ;

• For all congruences σ on A and any of its subuniverse D, the sets of all maps H from A/σ to
Zp0 , all maps H from A/σ to Zp0 × Zp1 ,..., all maps H from A/σ to Zp0 × Zp1 × ...× Zps−1 , for
s = log2l and any prime p0, ..., ps−1, p0 · ... ·ps−1 ≤ l. We will denote these lists by MA,σ,p0,...,pt−1 ,
MD,σ,p0,...,pt−1 .

• The set of all linear congruences on A and any of its subuniverse D, the lists ΣlinA , ΣlinD ;

• For any subuniverse C of A and any of its subuniverse D, all sets of the form X = {{a} ×C,C×
{a}} for all a ∈ A\C. We denote the lists by XA, XD;

• The set of all PC congruences on A and any of its subuniverse D, the lists ΣPCA , ΣPCD .

• For all congruences θ on A and any of its subuniverse D, and for all PC congruences σ0, ..., σs−1
on A and any of its subuniverse D, the sets of all maps H from A/θ to A/σj0 , all maps H from
A/θ to A/σj0 ×A/σj1 ,..., all maps H from A/θ to A/σj0 × A/σj1 × ...×A/σjs−1 , for s = log2l.
We denote these lists by MA,θ,σj0 ,σj1 ,...,σjt−1

, MD,θ,σj0 ,σj1 ,...,σjt−1
.

• For all subuniverses Di, Dj of A, all congruences σi, σj on Di, Dj , the set of all bridges from σi
to σj , the set of all reflexive bridges and the set of all optimal bridges, the lists Ξσi,σj

, Ξ↔
σi,σj

and Ξoptσi,σj
.

Due to the definitions of all these sets (given in the corresponding sections), they may be empty.

Notation 2. In formulas, we use notation
⋀︁

Σmax
A,i

or
⋁︁

ΣD,i
meaning

⋀︁
Σmax

A,i
̸=∅ or

⋁︁
ΣD,i ̸=∅: here we

consider conjunction over all maximal congruences on A or disjunction over all congruences on its
subuniverse D. Sometimes, we also write

⋀︁
σ∈Σmax

A
or

⋁︁
B∈Γ1

A

⋁︁
T∈Π2

A
with the same meaning. When

needed for better clarity, we use the explicit notation ∃j < 2l2 , ...ΣPCA,j ....

3.3 Encoding directed graphs and CSP instances
We encode a CSP instance on relational structures with at most binary relations in the following way.

Definition 10. A directed input graph is a pair X = (VX , EX ) with VX (i) for all i < VX = n and
EX (i, j) being a binary relation on VX (there is an edge from i to j). A target digraph with domains
is a pair of sets Ä = (VÄ, EÄ), where:

• VÄ < ⟨n, l⟩ is the set corresponding to the superdomain; we denote set VÄ,i by Di and call it
domain subset for variable xi;

• EÄ < ⟨⟨n, l⟩, ⟨n, l⟩⟩ is the set encoding that there is an edge (a, b) between Di and Dj :

EÄ(u, v) → ∃i, j < n ∃a, b < l u = ⟨i, a⟩ ∧ v = ⟨j, b⟩∧
Di(a) ∧Dj(b).

(20)

Sometimes we consider setD = {D0, ..., Dn−1}. We use the notation EijÄ (a, b) instead of EÄ(⟨i, a⟩, ⟨j, b⟩)
for simplicity. We will denote a pair of sets Θ = (X , Ä), satisfying all the above conditions, by DG(Θ),
and we will call Θ an instance. This representation allows us to construct a homomorphism from X
to Ä with respect to different relations EijÄ and different domains for all vertices x1, ..., xn.
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Definition 11. A pair of sets Θ = (X , Ä) is a CSP instance on n domains over constraint language
ΓA if

Inst(Θ,ΓA) ⇐⇒ DG(Θ) ∧ ∀i < n, |Di| = l∧
∧∀i, j < n, a, b < l,∃s < |ΓA|, EÄ(⟨i, a⟩, ⟨j, b⟩) ↔ Γ2

A(s, a, b)∧
∧∀i < n, a < l, ∃s < |ΓA|, Di(a) ↔ Γ1

A(s, a).
(21)

When considering the direct product D0 × ... × Dn−1, we can refer to it as a set of solutions to a
CSP instance Θnull = (Xnull, Änull), where

• VXnull
= n and for all i < n, VXnull

(i);

• for all i, j < n, ¬EXnull
(i, j) (i.e. the instance digraph Xnull has no edges at all);

• for all a < l, VÄnull
(i, a) ⇐⇒ Di(a);

• for all a, b < l, for all i, j < n, ¬EijÄnull
(a, b) (i.e. the target digraph Änull has no edges at all).

We will denote a pair of sets Θnull = (Xnull, Änull) satisfying all the above conditions by DGnull(Θnull).
Since as domains we consider only subuniverses Di of A = (A,Ω), Θnull is also a CSP instance over
constraint language ΓA.

Sometimes, we will work with so-called factorized instances, where we factorize all domains Di by
congruences σi.

Definition 12. A pair of sets Θ′ = (X ′, Ä′) is a factorized CSP instance by a list of n congruences Σ
on n domains from a CSP instance Θ over constraint language ΓA if

FInst(Θ′,Σ,Θ,ΓA) ⇐⇒ Inst(Θ,ΓA) ∧ X = X ′∧
∧∀i < n,Congm(Di,Ω,Σi) ∧ ∀a, b ∈ Di, (Σi(a, b) ∧ (a < b) → ¬D′

i(b))∧
∧(∀a ∈ Di(∀a′ ∈ Di, Σi(a, a′) → a ≤ a′) → D′

i(a))∧
∧∀i, j < n, EijÄ′(a, b) ↔ D′

i(a) ∧D′
j(b) ∧ (∃c, d < l, Σi(a, c) ∧ Σj(b, d) ∧ EijÄ (c, d)),

(22)

where the second and the third lines in the formula ensure that every Σi is a congruence on Di, and
D′
i is the factor set Di/Σi. Each block of a factor set is represented by its minimum element.

By MAP (X,x, Y, y,H) we denote the relation expressing that H is a map from a set X of length
x to a set Y of length y. Its definition is straightforward.

Definition 13 (Homomorphism from digraph X to digraph with domains Ä). A map H is a ho-
momorphism between the input digraph X = (VX , EX ), VX = n and the target digraph with domains
Ä = (VÄ, EÄ), VA < ⟨n, l⟩ if H is a homomorphism from X to Ä sending each i ∈ VX to domain Di

in VÄ. The statement that there exists such H can be expressed by the following Σ1,b
1 -formula.

HOM¨ (X , Ä) ⇐⇒ ∃H < ⟨n, ⟨n, l⟩⟩
(︁
MAP (VX , n, VÄ, ⟨n, l⟩, H)∧

(∀i < n, s < ⟨n, l⟩ H(i) = s → ∃a < l, s = ⟨i, a⟩ ∧Di(a))∧
∀i1, i2 < n,∀j1, j2 < ⟨n, l⟩

(EX (i1, i2) ∧H(i1) = j1 ∧H(i2) = j2 → EÄ(j1, j2)).

(23)

In addition to a homomorphism between two digraphs of different types, we will also need a classical
homomorphism between digraphs of the same type. The existence of such a homomorphism between
digraphs G and H with VG < n, VG < m is again a Σ1,b

1 -formula.

HOM(G,H) ⇐⇒ ∃H < ⟨n,m⟩
(︁
MAP (VG , n, VH,m,H)∧

∀i1, i2 < n,∀j1, j2 < m

(EG(i1, i2) ∧H(i1) = j1 ∧H(i2) = j2 → EH(j1, j2))
)︁
.

(24)
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Further, for any instance Θ = (X , Ä) and a factorized instance Θ′ = (X ′, Ä′) by a list of n congruences
Σ we can define a canonical homomorphism Hc between the target digraph Ä and the factorized target
digraph Ä′ as follows: for every u ∈ VÄ, and every v ∈ VÄ′

Hc(u, v) ⇐⇒ ∃i < n, a, b < l, u = ⟨i, a⟩, v = ⟨i, b⟩ ∧ σ(i, b, a) ∧D′
i(b).

That is, a vertex a is sent to a vertex b in Ä′ in the factorized domain D′
i if and only if b ∈ Di, b and a

are in the same congruence class under Σi, and b is a represent of the class a/Σi (the smallest element).
It is straightforward to check that Hc is indeed a homomorphism, and that there is a homomorphism
from X to Ä′.

Notation 3. Sometimes, we will write ∃(∀)H < ⟨n,m⟩, HOM(G,H, H) and ∃(∀)H < ⟨n, ⟨n, l⟩⟩,
HOM¨ (X , Ä, H) to omit repetitions. Note that HOM(G,H) and HOM¨ (X , Ä) are Σ1,b

1 -formulas, while
HOM(G,H, H) and HOM¨ (X , Ä, H) are Σ1,b

0 .

3.4 Subalgebras and Solution sets to a CSP instance
To define the direct and subdirect products of k algebras for constant k, we first define a universe set
for the product. For any sets D0, ..., Dk−1 of size bounded by l we will denote by D0 × ... × Dk−1 a
k-ary set of the form

D0 × ...×Dk−1(a0, ..., ak−1) ⇐⇒ a0 ∈ D0 ∧ ... ∧ ak−1 ∈ Dk−1. (25)

We define an m-ary operation F : (D0 × ... × Dk−1)m → D0 × ... × Dk−1 on a set D0 × ... × Dk−1.
Denote ⟨a0

i , ..., a
k−1
i ⟩ by āki , then

OPm(F,D0 × ...×Dk−1) ⇐⇒ ∀āk1 , ..., ākm ∈ D0 × ...×Dk−1,

∃b̄k ∈ D0 × ...×Dk−1, F (āk1 , ..., ākm, b̄
k) ∧ ∀b̄k1 , b̄

k

2 ∈ A0 × ...×Dk−1,

(F (āk1 , ..., ākm, b̄
k

1) ∧ F (āk1 , ..., ākm, b̄
k

2) → b̄
k

1 = b̄
k

2).

(26)

In the same fashion, we can formalize a special idempotent WNU operation Ω on the set D0×...×Dk−1.
Further, we define a subuniverse R of algebra (D0 × ...×Dk−1,Ω) as follows:

subTA(R,D0 × ...×Dk−1,Ω) ⇐⇒ |R| = |D0 × ...×Dk−1|∧

∀i < (kl)2k

, R(i) → D0 × ...×Dk−1(i) ∧ SwNUm(Ω, R).
(27)

We say that an algebra D = (D,Ω) is a direct product of k algebras (D0,Ω0), ..., (Dk−1,Ωk−1) of the
same type (with m-ary operations) if

DPm,k(D,Ω, D0,Ω0, ..., Dk−1,Ωk−1) ⇐⇒ D = D0 × ...×Dk−1∧
∧∀a0

1, ..., a
0
m ∈ D0, ...,∀ak−1

1 , ..., ak−1
m ∈ Dk−1∃b0 ∈ D0, ...,∃bk−1 ∈ Dk−1

Ω(āk1 , ..., ākm, ⟨b0, ..., bk−1⟩) ∧ Ω0(a0
1, ..., a

0
m, b

0) ∧ ... ∧ Ωk−1(ak−1
1 , ..., ak−1

m , bk−1).
(28)

A subdirect product (R,Ω) of k algebras (D0,Ω0), ...,(Dk−1,Ωk−1) is encoded as follows:

subDPm,k(R,Ω, D0,Ω0, ..., Dk−1,Ωk−1) ⇐⇒ subTA(R,D0 × ...×Dk−1,Ω)
∧DPm,k(D0 × ...×Dk−1,Ω, D0,Ω0, ..., Dk−1,Ωk−1)∧

∧
⋀︂
i<k

∀ai ∈ Di,∃a0 ∈ D0, ...,∃ai ∈ Di−1,∃ai+1 ∈ Di+1, ...,∃ak−1 ∈ Ak−1,

R(a1, ..., ai−1, ai, ai+1, ..., ak).

(29)
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Note that the set of solutions to any instance of CSP(Γ) can be viewed as a subuniverse of power of
B. By Theorem 5, every n-ary relation R on Bn preserved by all polymorphisms of Pol(Γ) can be pp-
defined from Γ. Thus, it is equal to some projection of the set of solutions to some instance of CSP(Γ).
However, the instance itself can be exponential in n (see the construction in [2]). Furthermore, we
cannot define a subalgebra R of Bn as an n-ary set R(b1, ..., bn) as it requires (ln)2n length. We shall
stress that since most of the theorems in the general part of Zhuk’s algorithm that are proved for
any subalgebras were used in the algorithm only for solution sets [21], whenever possible, we restrict
ourselves upward to solution sets to some CSP instances over ΓA.

For definitions, we use the ΣB
0 -3COMP axiom scheme. We can consider any n-ary relation R on An

as a third-order object – a class of maps R from [n] to [A,A, ..., A]. Analogously, any R ≤ D0×...×Dn−1
is a class of maps from [n] to [D0, D1, ..., Dn−1]. In terms of digraphs,

R(H) =⇒ MAP (VX , n, VÄ, ⟨n, l⟩, H), (30)

which is ΣB
0 -formula, and

D0 × ...× Dn−1(H) ⇐⇒ MAP (VX , n, VÄ, ⟨n, l⟩, H), (31)

which is already Σ1,b
0 -formula. To make from D0 × ...× Dn−1 an algebra, we define a third-order object

representing a basic m-ary function FΩ0,...,Ωn−1 on D0 × ...× Dn−1 (again, Σ1,b
0 -formula):

FΩ0,...,Ωn−1(H1, ...,Hm, H) ⇐⇒ ∀i < n,∃ai1, ..., aim, ai < l, Ωi(ai1, ..., aim) = ai∧
∧H1(i) = ⟨i, ai1⟩ ∧ ... ∧Hm(i) = ⟨i, aim⟩ ∧H(i) = ⟨i, ai⟩.

(32)

If for all Di there is the same operation Ω, we denote this class by FΩ. Let us consider in this section
all Di being subalgebras of A = (A,Ω). For subuniverses, we require R(H) to be closed under FΩ by
the definition. In fact, we can express this requirement remaining in the second-order setting. For any
n, we introduce a string function ω of m maps from [n] to [A,A, ..., A] returning a new map H by its
bit-definition for all i < n, a < l:

ω(H1, ...,Hm)(⟨i, ⟨i, a⟩⟩) ⇐⇒ ∃a1, ..., am < l, Ω(a1, ..., am) = a∧
∧H1(i) = ⟨i, a1⟩ ∧ ... ∧Hm(i) = ⟨i, am⟩.

(33)

Note that ω is an actual function, not a set of sets, and it is based on the fixed set Ω. In the
same fashion, we can introduce a string function usepolk for any k-ary polymorphism F on A by its
bit-definition for all i < n, a < l:

usepolk(F,H1, ...,Hk)(⟨i, ⟨i, a⟩⟩) ⇐⇒ ∃a1, ..., ak < l, F (a1, ..., ak) = a∧
∧H1(i) = ⟨i, a1⟩ ∧ ... ∧Hk(i) = ⟨i, ak⟩.

(34)

We will denote such functions restricted by R by ωR and usepolRk . Thus, for any class R representing
subalgebra on An, and any maps H1, ...,Hm:

R(H1) ∧ ... ∧ R(Hm) =⇒ R(ω(H1, ...,Hm)). (35)

To consider a projection of subalgebra R to some subset of coordinates i1, ..., is, s < n, we introduce
a partial map from [n] to (D0, ..., Dn−1):

Ri1,...,is(H) ⇐⇒
⋀︂

i∈{i1,...,is}

∃!a ∈ Di, H(i) = ⟨i, a⟩∧

⋀︂
i/∈{i1,...,is}

∀a < l, ¬H(i) = ⟨i, a⟩∧

∃H ′ < ⟨n, ⟨n, l⟩⟩, R(H ′) ∧
⋀︂

i∈{i1,...,is}

H(i) = H ′(i).

(36)
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There are 2n =
∑︁n
s=0

(︁
n
s

)︁
such different classes, but we do not need to define them all; we will define the

required occasionally. Note that ω and usepolk are well-defined for such partial maps for i ∈ {i1, ..., is}.
The solution set to the instance Θ = (X , Ä) of CSP over ΓA, Ä = (D0, ..., Dn−1, EÄ), is a set of

homomorphisms {X → Ä} = {H1, H2, ...,Hs}. Let us denote it by RΘ. Note that the definition is a
Σ1,b

0 -formula.
RΘ(H) ⇐⇒ HOM¨ (X , Ä, H). (37)

In these terms, the product D0 × ... × Dn−1 can be considered as RΘnull
. The projection Ri1,...,is

Θ of
the solution set to some subset of coordinates is defined analogously to (36), we call H ∈ Ri1,...,is

Θ a
partial homomorphism from X to Ä. Note that while RΘ is a Σ1,b

0 -formula, Ri1,...,is
Θ is a Σ1,b

1 -formula.

Lemma 3. For any k > 0, V 1 proves that for any CSP instance Θ, any k-ary operation F ∈
Polk(F,A,ΓA), and any k homomorphisms H1, ...,Hk from X to Ä (and for any i ∈ {i1, ..., is}) a
map H = usepoln,k(F,H1, ...,Hk) is again a homomorphism from X to Ä (a partial homomorphism
from X to Ä).

Proof. Recall that any polymorphism preserves all relations from ΓA. Every relation EijA (set of edges
from Di to Dj) is a subalgebra of Di × Dj (since it is compatible with Ω). The proof then goes by
contradiction: suppose that there is an edge (xi, xj) ∈ EX (with i, j ∈ {i1, ..., is}) such that H does
not map it to an edge in Ä. Since all homomorphisms (partial for i ∈ {i1, ..., is}) H1, ...,Hk map
(xi, xj) to some edge in EijÄ , it is possible only if F does not preserve the relation EijÄ .

Corollary 1. V 1 proves that a solution set RΘ and a projection Ri1,...,is
Θ for any subset of coordinates

{i1, ..., is} for a CSP instance Θ = (X , Ä) on n variables are subuniverses of An and A{0,1,...,n}\{i1,...,is}

respectively.

We say that subuniverse R is subdirect if

subDSSInst(R) ⇐⇒ ∀i < n∀a ∈ Di,∃H < ⟨n, ⟨n, l⟩⟩, H ∈ R ∧H(i) = ⟨i, a⟩. (38)

Note that this is a ΣB
0 -formula. If we consider solution set RΘ, then the definition becomes a Σ1,b

1 -
formula:

subDSSInst(RΘ) ⇐⇒ ∀i < n,∀a ∈ Di,

∃H < ⟨n, ⟨n, l⟩⟩, HOM¨ (X , Ä, H) ∧H(i) = ⟨i, a⟩.
(39)

Whenever possible, we refer to RΘ as a set of homomorphisms {X → Ä, } = {H1, H2, ..., Hs}, i.e. we
use ∀H ≤ ⟨n, ⟨n, i⟩⟩, HOM¨ (X , Ä, H) since this allows us to avoid third-sorted objects.
Remark 1. Note that no subalgebra of An is a solution set to some CSP instance over ΓA. It is an
instance of a larger language Γ′ containing Γ and closed under pp-definitions.

3.5 Congruence and congruence on products
A maximal congruence on an algebra (D,Ω) can be defined by the following Σ1,b

0 -formula:

maxCongm(D,Ω, σ) ⇐⇒ Congm(D,Ω, σ) ∧ ∃a, b ∈ D, ¬σ(a, b)∧

∧[
⋀︂

ΣD,i

(∃a, b ∈ D, ¬ΣD,i(a, b) → ∃a, b ∈ D, σ(a, b) ∧ ¬ΣD,i(a, b))]. (40)

The general definition of a maximal congruence σ for any (not fixed) algebra B of size n is Π1,b
1 :

maxCongm(B,Ω, σ) ⇐⇒ Congm(B,Ω, σ) ∧ ∃a, b ∈ B, ¬σ(a, b)∧
∧[∀σ′ < ⟨n, n⟩, (Congm(B,Ω, σ′) ∧ ∃a, b ∈ B, ¬σ′(a, b)) →

→ ∃a, b ∈ B, σ(a, b) ∧ ¬σ′(a, b)].
(41)
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Analogously, we can define a minimal congruence σ, by relation minCongm(D,Ω, σ). Recall that each
block of a factor set, denoted by D/σ, is represented by its minimum element (it exists by the Σ1,b

0 -
MIN principle). Therefore, we also think of the factorized object D/σ as a set of numbers. When we
consider any congruence σ on D, we do not need to claim the existence of sets D/σ and Ω/σ - there
is a simple algorithm to construct them, and the construction is unique. First, we define the following
string function

factorset(D,σ)(a) = D/σ(a) ⇐⇒ a < |D| ∧ a ∈ D∧
∧(∀a′ ∈ D,σ(a, a′) → a ≤ a′).

(42)

To represent an element we define a number function rep(a/σ,D, σ)

a = rep(a/σ,D, σ) ⇐⇒ σ(a, a/σ) ∧ factorset(D,σ)(a). (43)

Finally, we can define a string function returning Ω/σ using a bit-defining axiom:

factorω(D,Ω, σ)(b) = Ω/σ(b) ⇐⇒ ∃a1...∃am∃c ∈ D/σ, b = ⟨a1, ..., am, c⟩∧

∃a1/σ...∃am/σ∃c/σ ∈ D, c = rep(c/σ,D, σ) ∧
⋀︂
i<m

ai = rep(ai/σ,D, σ)∧

∧Ω(a1/σ, ..., am/σ, c/σ).

(44)

The following two claims follow straightforwardly from the definitions of congruence and WNU oper-
ation.

Claim 1. Consider an algebra D = (D,ΩD), its subuniverse B and a congruence σ on D. Then V 0

proves that σ restricted to B is a congruence on B.

Claim 2. Consider an algebra D = (D,ΩD) with Ω being a special WNU operation, and a congruence
σ on D. Then V 0 proves that for all a ∈ D, a congruence block [a]/σ is a subuniverse of D.

For any congruence σ on algebra D = (D,Ω), for factor algebra D/σ we will define the quotient set
of relation ΓD/σ as follows:

Γ1
D/σ(j, a) ⇐⇒ ∀a/σ ∈ D, Repm(a, a/σ,D/σ,D,Ω, σ) ∧ Γ1

D(j, a/σ)
Γ2

D/σ(i, a, b) ⇐⇒ ∀a/σ, b/σ ∈ D, Γ2
D(i, a/σ, b/σ)∧

∧Repm(a, a/σ,D/σ,D,Ω, σ) ∧Repm(b, b/σ,D/σ,D,Ω, σ).
(45)

Note that for some i, j, Γ1
D,j/σ and Γ2

D,i/σ are empty sets. We will use it in the definition of PC
subuniverses. The formulas (45) follow from log-space reduction from CSP(D/σ) to CSP(D), see [4].
We want to stress it directly here, not to repeat it many times. The relation signatures of the structures
corresponding to D and D/σ differ, and the relation R ∈ ΓD/σ lifts to the relation R′ ∈ ΓD by the
rule ā ∈ R′ ⇐⇒ ā/σ ∈ R. Thus, for any binary or unary relation preserved by Ω/σ on D/σ its
corresponding lifted relation is preserved by Ω on D. That is, we already have all such relations in
ΓA. Moreover, for any binary relation R on Di/σi ×Dj/σj preserved by Ω/σ = (Ω/σi,Ω/σj) its lifted
relation on Di ×Dj is preserved by Ω under the same rule.

We define a binary relation Cσ on D0 × ... × Dn−1 as a third-order object for all maps from [n]
to (D0, ..., Dn−1), Cσ(H1, H2). For Cσ being compatible with Ω, we require that for any H1, ...,Hm,
H ′

1, ..., H
′
m:

Cσ(H1, H
′
1) ∧ ... ∧ Cσ(Hm, H

′
m) =⇒ Cσ(ω(H1, ...,Hm), ω(, H ′

1, ...,H
′
m)). (46)

For Cσ being a congruence, we additionally require that for any three maps H1, H2, H3,

Cσ(H1, H1) ∧ ( Cσ(H1, H2) ↔ Cσ(H2, H1))∧
∧( Cσ(H1, H2) ∧ Cσ(H2, H3) → Cσ(H1, H3)).

(47)
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We can restrict Cσ to any subuniverse R (we will call CR
σ a congruence restricted to R) by requiring

for all H,H ′,
CR
σ (H,H ′) =⇒ R(H ′) ∧ R(H ′). (48)

Now we return to second-order congruences and extend them to third-order objects. The next
three relations are expressed by Σ1,b

0 -formulas. For any congruence σi on Di we say that two maps
H1, H2 are in the same equivalence block on D0 × ...×Dn−1 if

1EqClass(i,H1, H2, Di, σi) ⇐⇒ ∀ai1 , ai2 < l,

H1(i) = ⟨i, ai1⟩ ∧H2(i) = ⟨i, ai2⟩ → σi(ai1 , ai2).
(49)

Then for any congruence σi on Di we define an extended relation Cσext
i

as follows:

Cσext
i

(H1, H2) ⇐⇒ 1EqClass(i,H1, H2, Di, σi). (50)

Analogously, for any σ0, ..., σn−1 where each σi is a congruence on Di, we define a relation C∩nσext
i

on
D0 × ...×Dn−1 as follows:

C∩nσext
i

(H1, H2) ⇐⇒ ∀i < n, 1EqClass(i,H1, H2, Di, σi). (51)

Notice that some congruences σi can be ∇Di
or ∆Di

. Obviously, for any three maps H1, H2, H3 the
relation 1EqClass is reflexive, symmetric, and transitive. Compatibility can be proved easily again.
Consider 2m maps H1, ...,Hm and H ′

1, ...,H
′
m such that for every j < m, 1EqClass(i,Hj , H

′
j , Di, σi).

Then, due to defining equation (33) of ω,

1EqClass(i, ω(H1, ...,Hm), ω(H ′
1, ...,H

′
2), Di, σi).

Note that in (51) we define a third-order object using only its second-order properties. Thus, we have
proved the following claims.

Claim 3. Consider D0 × ...×Dn−1, and binary relations σ0, ..., σn−1 where σi is a congruence of Di

for every i. Then V 0 proves that any Cσext
i

and C∩nσext
i

are congruences on D0 × ...× Dn−1.

Claim 4. Consider RΘ ≤ D0 × ...×Dn−1, and binary relations σ0, ..., σn−1 where σi is a congruence
of Di for every i. Then V 0 proves that any Cσext

i
and C∩nσext

i
restricted to RΘ are congruences on

RΘ.

We get the following lemma with Claim 2.

Lemma 4. Consider RΘ ≤ D0 × ...×Dn−1, and binary relations σ0, ..., σn−1 where σi is a congruence
of Di for every i. Suppose that Ei is a congruence block of σi for all i. Then V 0 proves that (E0 ×
...× En−1) ∩ RΘ is a subuniverse of RΘ.

We need to define factor sets and factor operations for third-order objects. We first show how
to define them for solution set RΘ and extended congruence Cσext

i
and the intersection of extended

congruences C∩nσext
i

. To be compatible with the definition of factor sets for second-order objects, we
need to choose not the existing map of RΘ, but that sending i to ai = rep(ai/σi, Di, σi) for every σi.

factorset(RΘ, C∩nσext
i

)(H) = RΘ/C∩nσext
i

(H) ⇐⇒ ∃H ′ ≤ ⟨n, ⟨n, l⟩⟩, H ′ ∈ RΘ∧
∧ C∩nσext

i
(H,H ′)∧

∧∀i < n,∃ai ∈ Di, H
′(i) = ⟨i, ai/σi⟩ ∧H(i) = ⟨i, rep(ai/σi, Di, σi)⟩.

(52)

Note that the value of the function is a third-order object, but its definition is again essentially second-
order. To define factor set for Cσext

i
, consider C∩nσext

i
where for each j ̸= i, σj is ∇Dj . To represent

an element H ′ we define a string function rep(H ′,RΘ, C∩nσext
i

):

H = rep(H ′,RΘ, C∩nσext
i

) ⇐⇒ C∩nσext
i

(H,H ′) ∧ factorset(RΘ, C∩nσext
i

)(H). (53)
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Finally, we define third-order valued function factorω:

factorω(RΘ,FΩ, C∩nσext
i

)(B) = FΩ/∩nσext
i

(B) ⇐⇒ ∃H1...∃Hm ∈ RΘ/C∩nσext
i
,

∃H ∈ RΘ/C∩nσext
i
, B = ⟨H1, ...,Hm, H⟩∧

∧∃H ′
1...∃H ′

m∃H ′ ∈ RΘ ∧H = rep(H ′,RΘ, Cσext
i

) ∧
⋀︂
i<m

Hi = rep(H ′
i/σ,D, σ)∧

FΩ/σ0,...,Ω/σn−1(H1, ...,Hm, H).

(54)

As a factor algebra we consider a pair of classes (RΘ/C∩nσext
i
,FΩ/∩nσext

i
).

Now, to define a factor set for the general third-order subalgebra R and the congruence relation
Cσ, we need to choose a representative of a congruence block. It can be done by choosing the minimum
string (in the sense of (17)) that represents maps from the block. The rest are defined analogously.

3.6 Homomorphism and isomorphism between second and third order ob-
jects

We say that there exists a homomorphism between two subalgebras (B,ΩB), (C,ΩC) of algebra A if

HOMalg(B,ΩB , C,ΩC) ⇐⇒ ∃H < ⟨l, l⟩,MAP (B, l, C, l,H)∧
∧∀b1, ..., bm, b ∈ B,ΩB(b1, ..., bm, b) ↔ ΩC(H(b1), ...,H(bm), H(b)).

(55)

The image and kernel of B under H can be returned by string-valued functions defined as follows:

img(B,H)(i) ⇐⇒ i ∈ C ∧ ∃j ∈ B, H(j) = i,

ker(H)(i, j) ⇐⇒ i, j ∈ B ∧H(i) = H(j).
(56)

We can easily formalize embedding, epimorphism, and isomorphism:

ISOalg(B,ΩB , C,ΩC) ⇐⇒ ∃H < ⟨l, n⟩, HOMalg(B,ΩB , C,ΩC)∧
∧∀i1, i2 ∈ B, (H(i1) = H(i2) → i1 = i2) ∧ ∀j ∈ C,∃i ∈ B,H(i) = j.

(57)

Now, we define the relation of being isomorphic between third-order objects and second-order objects.
This relation assumes the existence of a third-order object, a class of maps. We say that M is a
well-defined map between a class R and a set D if

MAP 3,2(R, D,M) ⇐⇒ ∀H ∈ R∃a ∈ D, M(H, a)∧
∀H ∈ R ∀a, b ∈ D (M(H, a) ∧ M(H, b) → a = b).

(58)

We say that H is a homomorphism from a class (R,F) to an algebra (D,Ω) if

HOM3,2
alg(R,F, D,Ω,H) ⇐⇒ MAP 3,2(R, D,H)∧

∧∀H1, ...,Hm, H ∈ R,F(H1, ...,Hm, H) ↔ Ω(M(H1), ...,M(Hm),M(H)),
(59)

and that the class (R,F) is isomorphic to the set (D,Ω) if

ISO3,2
alg(R,F, D,Ω) ⇐⇒ ∃H, HOM3,2(R,F, D,Ω,H) ∧ ∀H1, H2 ∈ R,

(H(H1) = H(H2) → H1 = H2) ∧ ∀a ∈ D,∃H ∈ R,H(H) = a.
(60)

Analogously, we can define a map MAP 2,3, a homomorphism HOM2,3
alg , and an isomorphism ISO2,3

alg

from a set to a class. Finally, we define an isomorphism between third-order objects. We say that M
is a well-defined map between a class R and a class R′ if

MAP 3,3(R,R′,M) ⇐⇒ ∀H ∈ R∃H ′ ∈ R, M(H,H ′)∧
∀H ∈ R ∀H1, H2 ∈ R′ (M(H,H1) ∧ M(H,H2) → H1 = H2).

(61)
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We say that H is a homomorphism from a class (R,F) to a class (R′,F′) if

HOM3,3
alg(R,F,R′,F′,H) ⇐⇒ MAP 3,3(R,R′,H)∧

∧∀H1, ...,Hm, H ∈ R,F(H1, ...,Hm, H) ↔ F′(M(H1), ...,M(Hm),M(H)),
(62)

and, finally,

ISO3,3
alg(R,F,R

′,F′) ⇐⇒ ∃H, HOM3,3(R,F,R′,F′,H) ∧ ∀H1, H2 ∈ R,

(H(H1) = H(H2) → H1 = H2) ∧ ∀H ′ ∈ R′,∃H ∈ R,H(H) = H ′.
(63)

For every domain Di and any of its subuniverse Bi, we define its extension Bext
i to third-order

object, as a set of maps from [n] to [D0, ..., Dn−1] such that it contains all maps sending i to elements
of Bi:

Bext
i (H) ⇐⇒ ∃ai ∈ Bi, H(i) = ⟨i, ai⟩. (64)

3.7 Auxiliary definitions from Zhuk’s algorithm
Some notions, which were used in Zhuk’s algorithm mainly in relation to constraints, we give both for
binary relations and n-ary relations.

3.7.1 Crucial Instance

We say that i-th variable of a constraint Cj = (y1, ..., yk;R) is dummy if R does not depend on yi. For
an instance Θ a constraint C is called crucial in D(⊥) = (D(⊥)

0 , ..., D
(⊥)
n−1), where D(⊥)

i ⊆ Di for each
i, if it does not have dummy variables, Θ has no solutions in D(⊥), but the replacement of C by all
weaker constraints gives an instance with a solution in D(⊥). A CSP instance Θ is crucial in D(⊥) if
every constraint of Θ is crucial in D(⊥). In this section, we will formalize this notion.

Definition 14 (Reduction of the domain set). For an instance Θ = (X , Ä) with domain set D =
(D0, ..., Dn−1) we say that a set D(⊥) = (D(⊥)

0 , ..., D
(⊥)
n−1) is a reduction of D if D(⊥)

i is a subuniverse
of Di for every i.

Red(D(⊥), D) ⇐⇒ ∀i ≤ n, subTA(D(⊥)
i , Di). (65)

In the definition, we can additionally require that equal domains be reduced to equal domains, i.e.

∀i∀j, Di = Dj → D
(⊥)
i = D

(⊥)
j . (66)

We shall use it later considering different modifications of the instance to avoid abuse of the notation.

Definition 15 (Instance after reduction). For an instance Θ = (X , Ä), we need to define an instance
Θ(⊥) = (X (⊥), Ä(⊥)) after the reduction of a domain set of a target digraph Ä = (VÄ, EÄ) from
D = (D0, ..., Dn−1) to D(⊥) = (D(⊥)

0 , ..., D
(⊥)
n−1). Since there is a unique way to construct a reduction

of an instance, we actually can define a string function (using a bit-defining axiom) that returns a
reduced instance:

redinst(Θ, D(⊥))(X (⊥), Ä(⊥)) = Θ(⊥)(X (⊥), Ä(⊥)) ⇐⇒ Red(D(⊥), D)∧
∧(X (⊥) = X )∧

∧(∀i, j < n, ∀a, b < l, Eij
Ä(⊥)(a, b) ↔ EijÄ (a, b) ∧ a ∈ D

(⊥)
i ∧ b ∈ D

(⊥)
j ).

(67)

We say that D(⊥) is a 1-consistent reduction if the instance Θ(⊥) is 1-consistent, 1C(Θ(⊥)).
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Sometimes, when we work with a nonlinked instance, we need to produce its linked component, i.e.
elements that can be connected by a path in the instance. To this end, we need to define the notion of
being linked for two elements in a ∈ Di, b ∈ Dj . We say that there is a path from i to j in the input
digraph X if there exists a path Pt of some length t that can be homomorphically mapped to X such
that H(0) = i and H(t) = j:

Path(i, j,X ) ⇐⇒ ∃t < n,∃VPt = t,∃EPt ≤ 4t2, PATH(VPt , EPt)∧
∧∃H ≤ ⟨t, n⟩, HOM(Pt,X , H) ∧ (H(0, i) ∧H(t, j)).

(68)

We say that the path Pt connects i and j. Also, we can encode what it means to be linked for two
elements a ∈ Di, b ∈ Dj . In words, there must exist a path Pt of some length t connecting i, j with
homomorphism H such that there exists a homomorphism H ′ from Pt to Ä sending 0 to ⟨i, a⟩ and t
to ⟨j, b⟩, and for every element p < t, H(p) = k implies that H(p) = ⟨k, c⟩ for some c ∈ Dk. We can
express this by the Σ1,b

1 -formula.

Linked(a, b, i, j,Θ) ⇐⇒ ∃t < nl, ∃VPt = t, ∃EPt ≤ 4t2,
∃H ≤ ⟨t, n⟩, PATH(VPt , EPt) ∧HOM(Pt,X , H) ∧ (H(0, i) ∧H(t, j))∧

∧∃H ′ ≤ ⟨t, ⟨t, l⟩⟩, HOM¨ (Pt, Ä, H ′)∧
∧(∀k < n, p < t, (H(p, k) → ∃c ∈ Dk, H

′(p) = ⟨k, c⟩))
∧H ′(0) = ⟨i, a⟩ ∧H ′(t) = ⟨j, b⟩.

(69)

Notation 4. Sometimes we will write ∃Pt < ⟨n, 4n2⟩, Path(i, j,X ,Pt) and ∃Pt < ⟨nl, 4(nl)2⟩,
Linked(a, b, i, j,Θ,Pt) to omit repetitions. Note that while Path(i, j,X ) and Linked(a, b, i, j,Θ) are
Σ1,b

1 -formulas, Path(i, j,X ,Pt) and Linked(a, b, i, j,Θ,Pt) are Σ1,b
0 -formulas.

We have formalized in [8] that Linked(a, b, i, i,Θ) is a congruence relation on Di, and that for a
non-fragmented instance, this congruence provides a partition into linked components. That is, each
linked component can be viewed as the same CSP instance on smaller domains.

Definition 16 (Linked component). We define a string function linkcomp(Θ, Di, a) that produces a
linked reduction of the domain set based on an element a in the domain Di.

linkcomp(Θ, Di, a)(j, b) = V link,i,aÄ (j, b) ⇐⇒ ∃Pt < (nl, 4(nl)2),
Linked(a, b, i, j,Θ,Pt).

(70)

Then a Σ1,b
1 -function

redinst(Θ, linkcomp(Θ, Di, a))
produces a linked reduction of instance Θ, which contains the element a in domain Di.

Definition 17 (Dummy variable). A variable xi of an edge (xi, xj) ∈ EX is dummy if for every b ∈ Dj

such that there exists a ∈ Di, EijÄ (a, b), there is an edge (a′, b) ∈ EijÄ for every a′ ∈ Di.

Dum2(EijÄ , i) ⇐⇒ ∀b ∈ Dj , (∃a ∈ Di, E
ij

Ä (a, b) → ∀a′ ∈ Di, E
ij

Ä (a′, b)). (71)

Note that for a 1-consistent CSP instance this means that EijÄ is a full relation:

FullRel(EijÄ ) ⇐⇒ ∀a ∈ Di,∀b ∈ Dj , E
ij

Ä (a, b). (72)

We also introduce the notion of being a dummy variable for a solution set RΘ. We say that a variable
xi is dummy if the following Π1,b

2 -relation holds:

Dum(RΘ, i) ⇐⇒ ∀H ≤ ⟨n, ⟨n, l⟩⟩, (HOM¨ (X , Ä, H) → ∀a ∈ Di,

∃H ′ ≤ ⟨n, ⟨n, l⟩⟩, HOM¨ (X , Ä, H ′) ∧H ′(i) = ⟨i, a⟩ ∧ ∀j ̸= i < n, H ′(j) = H(j)).
(73)
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Definition 18 (Weaker constraint). For a binary constraint EijÄ there are only two types of weaker
constraint: domains Di, Dj , which are weaker constraints of less arity (which we never increase), and
all binary constraints from the list ΓA containing EijÄ , including the full relation on Di ×Dj (as if we
remove a constraint at all). We say that E is a weaker constraint than EijÄ if

Weaker(E,EijÄ ) ⇐⇒ Polm,2(Ω, A,E) ∧ (∀a, b < l, E(a, b) →
→ a ∈ Di ∧ b ∈ Dj) ∧

[︁
FullRel(E)∨

∨
(︁
(∀a ∈ Di,∀b ∈ Dj , E

ij

Ä (a, b) → E(a, b)) ∧ (∃a ∈ Di,

∃b ∈ Dj , E(a, b) ∧ ¬EijÄ (a, b))
)︁]︁
.

(74)

Note that for any constraint EijÄ there exists at least one weaker constraint (namely the full relation).
Any time we weaken a constraint EijÄ we replace it with all weaker constraints simultaneously. That is,
we consider an intersection of all weaker constraints. But since in the list ΓA we have all pp-definable
binary relations invariant under Ω, there exists k < 2l2 such that Γ2

A,k is that intersection. A problem
here arises when the intersection of all weaker constraints of a constraint is the constraint itself: it just
means that there are several incomparable intersections of weaker constraints. In this case, we can
choose one of them arbitrarily, and we will choose the one with the smallest k < 2l2 . We first define a
string function that returns the list of such intersections.

weakerlist(EijÄ )(k) ⇐⇒ Weaker(Γ2
A,k, E

ij

Ä ) ∧ ∀g ̸= k < 2l
2
,

¬(Weaker(Γ2
A,g, E

ij

Ä ) ∧Weaker(Γ2
A,k,Γ2

A,g)).
(75)

Definition 19 (Weakening of a constraint). We define a string function that returns the first inter-
section from the list weakerlist. We will call it the weakening of the constraint EijÄ and denote by
EijÄ,w:

weakening(EijÄ )(a, b) = EijÄ,w(a, b) ⇐⇒ ∃i < 2l
2
, (weakerlist(EijÄ )(i)∧

∧Γ2
A,i(a, b)) ∧ ∀j < i, ¬weakerlist(EijÄ )(j).

(76)

The function is well-defined due to the Number Minimization axiom Σ1,b
0 -MIN and since the list

weakerlist(EijÄ ) is never empty. Thus, we can uniquely define the instance after weakening a constraint
EijÄ .

Definition 20 (Instance after weakening). For an instance Θ = (X , Ä), the instance Θwij = (Xwij , Äwij )
after the weakening of a constraint EijÄ is defined by the following string function:

weakinst(Θ, EijÄ )(Xwij , Äwij ) = Θwij (Xwij , Äwij ) ⇐⇒ (Dwji = D)∧
∧(VXwij = VX ) ∧ (∀t ̸= i < n,∀r ̸= j < n, (EXwij (t, r) ↔ EX (t, r))∧

∧(EtrÄwij
= EtrÄ ))∧

∧EijÄwij
= weakening(EijÄ ) ∧ (FullRel(EijÄwij

) ↔ ¬EX (i, j)).

(77)

Note that the last line ensures that if the only weaker binary relation to EijÄ is a full relation, then we
remove an edge from X . Finally, we are ready to define a crucial instance.

Definition 21 (Crucial instance). Let D(⊥)
i ⊆ Di for every i, and let D(⊥) be a reduction of D. A

constraint EijÄ of instance Θ is called crucial in D(⊥) if

CrucConst(EijÄ ,Θ, D
(⊥)) ⇐⇒ ¬Dum2(EijÄ , i) ∧ ¬Dum2(EijÄ , j)∧

¬HOM¨ (X (⊥), Ä(⊥)) ∧HOM¨ (X (⊥)
wij , Ä

(⊥)
wij ).

(78)
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We say that a CSP instance Θ = (X , Ä) is crucial in D(⊥) if

CrucInst(Θ, D(⊥)) ⇐⇒ ∀j, i < n,EX (i, j) → CrucConst(EijÄ ,Θ, D
(⊥)). (79)

Note that all formulas used in the definitions of this section except Definition 21, are Σ1,b
0 . Formulas

(78) and (79) are from the class B(Σ1,b
1 ), Boolean combinations of Σ1,b

1 -formulas.

3.7.2 Covering and expanded covering

We can consider a CSP instance Θ on n variables as a set of constraints of the form EijÄ for all i, j < n
(we do not consider domains here as constraints).

Definition 22 (Tree-instance). We say that an instance Θ is a tree-formula if there is no path
z1 − C1 − z2 − ... − zl−1 − Cl − zl such that l ≤ 3, z1 = zl, and all the constraints C1, C2, ..., Cl
are different. Since in our setting for any i, j < n we suppose that there is only one constraint relation
EijÄ (we can do this because we have any intersection of any invariant relations in our list ΓA), an
instance Θ = (X , Ä) is a tree-formula if it does not contain cycles. It can be expressed by the following
Π1,b

1 -formula:

TreeInst(X , Ä) ⇐⇒ ∀t < n2,∀VCt
= t, ∀ECt

≤ 4t2,∀H < ⟨t, n⟩,
CY CLE(VCt

, ECt
) ∧HOM(Ct,X , H) → ∃i1 ̸= j1 < t,∃i2 ̸= j2 < t,∃k1, k2 < n,

ECt
(i1, i2) ∧ ECt

(j1, j2) ∧H(i1, k1) ∧H(i2, k2) ∧H(j1, k1) ∧H(j2, k2).
(80)

That is, for any cycle Ct, any homomorphism from Ct to X must glue at least two different edges of Ct.

Definition 23 (Subinstance). For instance Θ = (X , Ä) we call Θ′ = (X ′, Ä) a subinstance of Θ if Θ′

is a subset of the variables together with some subset of constraints from Θ that only involve these
variables, i.e.:

subInst(Θ′,Θ) ⇐⇒ Ä′ = Ä ∧ VX ′ ⊆ VX ∧ EX ′ ⊆ EX ∧
(EX ′(x1, x2) → x1, x2 ∈ VX ′).

(81)

That is, the target digraph with domains Ä does not change, the set of vertices VX ′ is a subset of
VX , and the set of constraints EX ′ is a subset of EX defined only on VX ′ . The solution to such a
subinstance is a partial homomorphism.

Consider instance Θ as a set of constraints {EijÄ : i, j < n}. Then consider a subset Θ′ of such
constraints, a subinstance of Θ. We need to define uniquely a subinstance Θ\Θ′ as a string function:

dif(Θ,Θ′)(XΘ\Θ′ , ÄΘ\Θ′) = Θ\Θ′(XΘ\Θ′ , ÄΘ\Θ′) ⇐⇒ ÄΘ\Θ′ = Ä∧
∧∀i, j < n, EX \X ′(i, j) ↔ EX (i, j) ∧ ¬EX ′(i, j)∧

∧VX \X ′ ⊆ VX ∧ (∀i < n, VX \X ′(i) ↔ ∃j < n, ¬EX ′(i, j) ∧ ¬EX ′(i, j)∧
∧(EX (i, j) ∨ EX (i, j)).

(82)

Note that Θ′ and Θ\Θ′ can share common variables, so the third line in the formula places to VX \X ′

only variables that are involved in some constraint not in Θ′. We also lose all the variables that are
not involved in any constraint, neither in Θ′ nor in Θ.

For the rest part of this section and sometimes further when we talk about (expanded) covering
and substitutions, we will use labels for vertex sets instead of elements. For any instance Θ with a
vertex set VX we can introduce as many labels as we want using two-dimensional strings Y,Z,W , and
the function seq(i, Y ) = yi. They are bounded on the first coordinate by the number of vertices and on
the second coordinate by some reasonable number of labels. Let us denote this bound for n variables
by bn. We will use yi, zj , wk < bn in the formulas when appropriate. When we write ∀i < n, R(yi),
this is an abbreviation for

∀i < n, R(seq(i, Y )).
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The representation of the entire vertex set for a digraph X is VX (i, xi), and the representation of
the set of vertices of a digraph Ä is V (⟨seq(i, VX ), a⟩), which does not differ much from our usual
representations. For an instance Λ and two sets of variables z1, ..., zk and y1, ..., yk by Λy1,...,yk

z1,...,zk
we

denote the instance obtained from instance Λ by replacing every variable zi by yi. This can be
expressed by a Σ1,b

0 string function

substitute(Λ, Y, Z)(XΛy1,...,yk
z1,...,zk

, ÄΛy1,...,yk
z1,...,zk

) = Λy1,...,yk
z1,...,zk

(XΛy1,...,yk
z1,...,zk

, ÄΛy1,...,yk
z1,...,zk

),

which definition is rather tedious than interesting, so we do not present it here. We also need to define
a union of two sets of constraints, i.e. a union of two instances ΘX = (X , Ä) with x0, ...xn−1 variables,
Ä = (VÄ, EÄ), and ΘY = (Y, B̈) with y0, ..., ym−1 variables, B̈ = (VB̈, EB̈). The problem here is that
they can share common variables (that are labeled by the same number). To be safe and to easily
track the number of variables, we just copy the common variables xi, yj , and set Exiyj

Ä∪B̈ to be equality
relation (we have it since in our list ΓA we have all relations pp-definable from Γ). To copy variables
without collisions, we first define a number function.

maxlabel(VX ) = s ⇐⇒ ∀i < n, seq(i, VX ) ≤ s ∧ ∃i < n, seq(i, VX ) = s, (83)

and use a label zi = yi +maxlabel(VX ) for every i < m in the following definition. Then we define a
string function uni on two arguments by its bit-definition:

uni(ΘX ,ΘY)(X ∪ Y, Ä ∪ B̈) = ΘX ∪ ΘY(X ∪ Y, Ä ∪ B̈) ⇐⇒
∀i < n, VX ∪Y(i, xi) ∧ ∀i < m, VX ∪Y(n+ i, zi)∧

∧∀i, j < n, EX ∪Y(xi, xj) ↔ EX (xi, xj) ∧ ∀i, j < m, EX ∪Y(zi, zj) ↔ EY(yi, yj)∧
∧∀i < n,∀a < l, VÄ∪B̈(xi, a) ↔ VÄ(xi, a)∧
∧∀i < m,∀a < l, VÄ∪B̈(zi, a) ↔ VB̈(yi, a)∧

∧∀i, j < n, ∀a, b < l, E
xixj

Ä∪B̈(a, b) ↔ E
xixj

Ä (a, b)∧
∧∀i, j < m, ∀a, b < l, E

zizj

Ä∪B̈(a, b) ↔ E
yiyj

B̈ (a, b)∧
∧∀i < n∀j < m, xi = yj → ∀a ∈ Dxi

, E
xizj

Ä∪B̈(a, a).

(84)

Due to this definition, function uni is not commutative, but ΘX ∪ ΘY and ΘY ∪ ΘX are obviously
isomorphic. We can iteratively define ΘX1 ∪ ΘX2 ∪ ... ∪ ΘXn = (ΘX1 ∪ ΘX2 ∪ ... ∪ ΘXn−1) ∪ ΘXn .

A pp-formula ∃y0, ..., yk−1Θ′(x0, ..., xn−1), where y0, ..., yk−1 are the only variables that occur in
Θ′ except x0, ..., xn−1, is called a subconstraint of Θ if Θ′ ⊆ Θ and Θ′ and Θ\Θ′ do not have com-
mon variables except for x0, ..., xn−1. We can consider Θ′ as a subinstance that involves variables
x0, ..., xn−1, y0, ..., yk−1, and Θ as an instance on variables x0, ..., xn−1, y0, ..., yk−1, z0, ..., zs−1. Con-
straints involving variables y0, ..., yk−1 occur only in Θ′, and constraints involving z0, ..., zs−1 occur
only in Θ\Θ′. We code common variables by a set X. Then we can define a subconstraint in the
following way:

subConst(Θ,Θ′, X) ⇐⇒ subInst(Θ′,Θ) ∧ ∀i, j, k < (n+ k + s),
EX ′(i, j) ∧ EX \X ′(j, k) → ∃s < (n+ k + s), j = X(s, xs).

(85)

Here, for brevity’s sake, we abbreviate by EX (i, j)∧EX \X ′(j, k) all four combinations of non-symmetric
constraints. Then ∃y0, ..., yk−1Θ′(x0, ..., xn−1) defines a projection of solution set to the CSP instance
Θ′ on the coordinates x0, ..., xn−1, R

x0,...,xn−1
Θ′ .

We further define technical notions of covering and expanded covering. We define them for lan-
guages with at most binary relations and, for the general definition, refer the reader to [21].

Definition 24 (Covering). For an instance ΘX = (X , Ä) with x0, ...xn−1 variables, Ä = (VÄ, EÄ),
we say that an instance ΘY = (Y, B̈) with y0, ..., ym−1 variables and B̈ = (VB̈, EB̈) is a covering of Θ
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if the following Σ1,b
1 -relation holds:

Cov(ΘY ,ΘX ) ⇐⇒ ∃H < ⟨bm, bn⟩, HOM(Y,X )∧
∧∀i < m, H(yi) = xj → Dyi = Dxj ∧

∧∀i, j < m, EY(yi, yj) ∧H(yi) = xk ∧H(yj) = xp → ∀a ∈ Dyi ,∀b ∈ Dyj ,

E
yiyj

B̈ (a, b) ↔ E
xkxp

Ä (a, b) ∧ ∀i < m,∀j < n, yi = xj → H(yj) = xi.

(86)

That is, for our purpose, a covering is another instance with different X ′ and A′¨ such that
1. The domain of every variable yi in ΘY is equal to the domain of H(yi) in ΘX .

2. There is a homomorphism from Y to X (for any constraint (yi, yj ;EB̈)) of ΘY , (H(yi), H(yj);EÄ)
is a constraint of ΘX such that EÄ and EB̈ here are the same relation but for different variables.

3. If a variable y appears in both ΘX and ΘY , we just assume that H(y) = y.
Definition 25 (Expanded covering). We say that ΘY is an expanded covering if

ExpCov(ΘY ,ΘX ) ⇐⇒ ∃H < ⟨bm, bn⟩, HOM(Y,X )∧
∧∀i < n, H(yi) = xj → Dyi

= Dxj
∧ ∀i, j < m,(︁

(EY(yi, yj) ∧H(yi) = xk ̸= H(yj) = xp →
→ (∀a ∈ Dxk

,∀b ∈ Dxp
, E

xkxp

Ä (a, b) → E
yiyj

B̈ (a, b)))∧
∧((EY(yi, yj) ∧H(yi) = H(yj) = xk → ∀a ∈ Dyi , E

yiyj

B̈ (a, a))
)︁
.

(87)

That is, an expanded covering is another instance with different X ′ and A′¨ such that:
1. The domain of every variable yi in ΘY is equal to the domain of H(yi) in ΘX .

2. There is a homomorphism from Y to X , but in this case:

• X can ’have loops’. When H(yi) = H(yj), then we need for any a in Dyi
= Dyj

, (a, a) ∈ EB̈;
• When H(yi) ̸= H(yj), then EX (H(yi), H(yj)) is an edge but Eyiyj

B̈ is weaker or equivalent
to E

H(yi),H(yj)
Ä (in our case it is always a richer relation of the same arity, more edges

between Dyi
, Dyj

in ΘY than between DH(yi), DH(yj)) in ΘX .

3. If a variable y appears in both ΘX and ΘY , we just assume that H(y) = y.
Then it is obvious that:
1. Any time we replace some constraints with weaker constraints, we get an expanded covering of

the original instance: we remove some edges from X and add some edges to Ä.

2. Any solution to the original instance can be naturally expanded to a solution to a covering
(expanded covering): consider a homomorphism H from X to Ä, and a homomorphism H ′ from
Y to X and then construct H ◦H ′ (and it will be a homomorphism from Y to B̈).

3. The union (union of all constraints) of two coverings (expanded coverings) is also a covering
(expanded covering): consider digraphs Y1 ∪ Y2 and B̈1 ∪ B̈2.

4. A covering (expanded covering) of a covering (expanded covering) is a covering (expanded cov-
ering): consider a superposition of homomorphism.

5. Suppose ΘY is a covering (expanded covering) of a 1-consistent instance and ΘY is a tree-formula.
Then the solution set to ΘY is subdirect (there are no cycles in Y).

The following lemma can be easily proved (see [21]).
Lemma 5 (Lemma 6.1, [21]). Suppose ΘX is a cycle-consistent irreducible CSP instance and ΘY is
an expanded covering. Then ΘY is cycle-consistent and irreducible.
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3.7.3 Relations and properties

A binary relation R is called critical if it cannot be represented as an intersection of other binary
relations on Di ×Dj and it has no dummy variables. Since in our list ΓA there is any invariant binary
relation on Di ×Dj , we define Critical2(R) as follows:

Critical2(R) ⇐⇒ ¬Dum2(R, i) ∧ ¬Dum2(R, j) ∧ ∃a ∈ Di,∃b ∈ Dj , ∀k < 2l
2
,

R ⊊ Γ2
A,k → (Γ2

A,k(a, b) ∧ ¬R(a, b)).
(88)

For a critical binary relation R, the minimal relation R′ such that R ⊊ R′ is called the cover of R:

Cover2(R′, R) ⇐⇒ Critical2(R) ∧R′ = weakening(R). (89)

Further notions we will consider in connection to both binary and n-ary relations, so we will define
them both for constraints and solution sets RΘ. We use constant subscripts to highlight the difference
between the definitions, but we do not use n in subscripts for higher arity since the definitions do
not depend on variable n. For a congruence σ on Di we say that the ith variable of a unary relation
E ≤ Di and a binary relation R ≤ Di ×Dj is stable under σ if

Stable1(E, σ) ⇐⇒ ∀a, a′ ∈ Di, E(a) ∧ σ(a, a′) → E(a′);
Stable2(R, i, σ) ⇐⇒ ∀a, a′ ∈ Di,∀b ∈ Dj , R(a, b) ∧ σ(a, a′) → R(a′, b).

(90)

Remark 2. Note that a unary relation E stable under some congruence σ on D is just a union of that
congruence blocks, it does not have to be a subuniverse of D. A binary relation R such that both
its variables on D are stable under σ is a full relation between some set of congruence blocks on the
first variable and some (not necessarily the same) set of congruence blocks on the second variable. A
congruence σ ⊆ D×D is stable under itself, in the sense that all elements from one congruence block
on the first coordinate are connected with all elements from the same block on the second coordinate.

We say that the ith variable of the solution set RΘ ≤ D0 × ...×Dn−1 is stable under congruence
σ on Di if

Stable(RΘ, i, σ) ⇐⇒ ∀H,H ′ ≤ ⟨n, ⟨n, l⟩⟩,∀ai, a′
i ∈ Di,

(︁
σ(ai, a′

i) ∧ (∀j ̸= i,

H(j) = H ′(j)) ∧H(i) = ⟨i, ai⟩ ∧H ′(i) = ⟨i, a′
i⟩ ∧HOM¨ (X , Ä, H)

)︁
→

→ HOM¨ (X , Ä, H ′).
(91)

Note that this is Π1,b
1 -formula. If every variable of R or RΘ is stable under σ we say that R or RΘ is

stable under σ and write Stable(RΘ, σ). We say that a binary relation R ≤ Di×Dj has a parallelogram
property if

ParlPr2(R) ⇐⇒ ∀a, c ∈ Di,∀b, d ∈ Dj , R(a, b) ∧R(c, b) ∧R(c, d) → R(a, d). (92)

A relation has the parallelogram property if any way of grouping its coordinates into two groups gives a
binary relation with the parallelogram property. That is, we say that a solution set RΘ ≤ D0×...×Dn−1
to some CSP instance Θ has a parallelogram property if the following Π1,b

2 -relation holds:

ParlPr(RΘ) ⇐⇒ ∀V1, V2 < n, (∀i < n, V1(i) ↔ ¬V2(i))∧
∧∀H1, H2, H3 ≤ ⟨n, ⟨n, l⟩⟩,(︁

HOM¨ (X , Ä, H1) ∧HOM¨ (X , Ä, H2) ∧HOM¨ (X , Ä, H3)∧
∧(∀i ∈ V1, H3(i) = H2(i) ∧ ∀j ∈ V2, H3(j) = H1(j))

)︁
→

→ ∃H4 ≤ ⟨i, ⟨i, a⟩⟩, HOM¨ (X , Ä, H4)∧
∧(∀i ∈ V1, H4(i) = H1(i) ∧ ∀j ∈ V2, H4(j) = H2(j)).

(93)
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For a binary relation R ≤ Di ×Dj by Con(R,i)
2 we denote the following relation:

Con
(R,i)
2 (a, a′) ⇐⇒ ∃b ∈ Dj , R(a, b) ∧R(a′, b)

Con
(R,j)
2 (b, b′) ⇐⇒ ∃a ∈ Di, R(a, b) ∧R(a, b′).

(94)

For a constraint C = (xi, xj ;R) we will denote Con(R,i)
2 by Con

(C,i)
2 . For a set of constraints Θ we

denote by Con
(Θ,i)
2 the set of all Con(C,i)

2 . In the case of a CSP instance Θ, for any i < n this set is
of the form

∀j < n,∀a, b < l, Con
(Θ,i)
2 (0, j, a, b) ⇐⇒ EX (i, j) ∧ Con

(EX (i,j),i)
2 (a, b),

∀j < n,∀a, b < l, Con
(Θ,i)
2 (j, 0, a, b) ⇐⇒ EX (j, i) ∧ Con

(EX (j,i),i)
2 (a, b).

(95)

and its size is bounded by ⟨n, n, l, l⟩. We say that the ith variable of the binary relation R is rectangular
if

RectPr2(R, i) ⇐⇒ ∀a, a′ ∈ Di,∀b ∈ Dj ,

(Con(R,i)
2 (a, a′) ∧R(a, b) → R(a′, b)).

(96)

For a solution set RΘ ≤ D0 × ...×Dn−1 to some CSP instance Θ by Con([RΘ],i) we define the binary
relation

Con([RΘ],i)(a, a′) ⇐⇒ ∃H1, H2 ≤ ⟨n, ⟨n, l⟩⟩, H1(i) = a ∧H2(i) = a′∧
∧∀j ̸= i < n, H1(j) = H2(j) ∧HOM¨ (X , Ä, H1) ∧HOM¨ (X , Ä, H2).

(97)

We say that the ith variable of the solution set R is rectangular if

RectPr(RΘ, i) ⇐⇒ ∀a, a′ ∈ Di, ∀H1 ≤ ⟨n, ⟨n, l⟩⟩,
HOM¨ (X , Ä, H1) ∧H1(i) = ⟨i, a⟩ ∧ Con([RΘ],i)

n (a, a′) → ∃H2 ≤ ⟨n, ⟨n, l⟩⟩,
HOM¨ (X , Ä, H2) ∧H2(i) = ⟨i, a′⟩ ∧ (∀j ̸= i < n, H1(j) = H2(j)).

(98)

Finally, we say that the solution set RΘ to Θ is rectangular if all its variables are rectangular:

RectInst(RΘ) ⇐⇒ ∀i < n, RectPr(RΘ, i). (99)

Note that RectPr(RΘ, i) is Σ1,b
2 -formula.

Remark 3. Note that the parallelogram property implies rectangularity, and if ith coordinate of the
relation R is rectangular, then Con([RΘ],i) is a congruence.

A binary relation R ≤ Di × Dj is called essential if it cannot be represented as a conjunction of
relations with smaller arities. A pair (ai, aj) ∈ Di ×Dj is called essential for R if

EssPair(ai, aj , R) ⇐⇒ ¬R(ai, aj) ∧ ∃bi ∈ Di,∃bj ∈ Dj ,

R(ai, bj) ∧R(bi, aj).
(100)

It is known [20] that for a relation R being an essential is equivalent to having an essential pair. Thus,
we can define an essential binary relation R as follows:

EssRel2(R) ⇐⇒ ∃ai ∈ Di,∃aj ∈ Dj , EssPair(ai, aj , R). (101)

For a solution set RΘ we define an essential tuple by the following Σ1,b
1 -formula:

EssTuple(H,RΘ) ⇐⇒ ¬HOM¨ (X , Ä, H) ∧ ∀i < n,∃b < l, ∃H ′ ≤ ⟨n, ⟨n, l⟩⟩,
HOM¨ (X , Ä, H ′) ∧H ′(i) = ⟨i, b⟩ ∧ ∀j ̸= i < n, H ′(j) = H(j).

(102)
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Thus, RΘ is essential if there exists an essential tuple.

EssRel(RΘ) ⇐⇒ ∃H ≤ ⟨n, ⟨n, l⟩⟩, EssTuple(H,RΘ). (103)

We say that a relation R ≤ D0 × ... × Dn−1 is (C0, ..., Cn−1)-essential if R ∩ (C0, ..., Cn−1) = ∅, but
for every i ≤ k, R ∩ (C0, ..., Ci−1, Di, Ci+1, ..., Cn−1) ̸= ∅. We can formalize the tuple (C0, ..., Cn−1) as
usual, by one set C(i, a) ⇐⇒ Ci(a).

EssRel(R, C) ⇐⇒ ¬(∃H ∈ R, ∀i < n,∃ci ∈ Ci, H(i) = ⟨i, ci⟩)∧
∀i < n,∃H ∈ R,∃ai ∈ Di\Ci, H(i) = ⟨i, ai⟩∧

∧∀j ̸= i, j < n, ∃cj ∈ Cj , H(j) = ⟨j, cj⟩.
(104)

This is ΣB
0 -formula, but if we restrict ourselves to solution sets, we get a Boolean combination of Σ1,b

1
and Π1,b

1 formulas.
Finally, to define a key relation, we first present a unary vector function that preserves the rela-

tion. Suppose R ≤ D0 × ... × Ds−1 and define a tuple Ψ = (ψ0, ..., ψs−1), where ψi : Di → Di, is
called a unary-vector function. We say that ψ preserves R if (ψ0(a0), ..., ψs−1(as−1)) ∈ R for every
(a0, ..., as−1) ∈ R. We say that R is a key relation if there exists a tuple (b0, ..., bs−1) /∈ R such that for
any tuple (c0, ..., cs−1) /∈ R there exists a vector function Ψ which preserves R and gives ψi(ci) = bi
for any i < s. For a binary relation R ≤ Di ×Dj there is a pair of unary functions ψi, ψj , represented
by two-dimensional sets, such that:

V ecFun2(R,ψi, ψj) ⇐⇒ MAP (Di, l, Di, l, ψi) ∧MAP (Dj , l, Dj , l, ψj)∧
∧∀ai, bi ∈ Di,∀aj , bj ∈ Dj , R(ai, aj) ∧ ψi(ai, bi) ∧ ψj(aj , bj) → R(bi, bj).

(105)

Obviously, both ψi, ψj are polymorphisms. We say that a binary relation R is a key relation if there
exists a tuple (bi, bj) /∈ R such that for every (ci, cj) /∈ R there exists a unary vector function represented
by sets ψi, ψj that preserves R and ψ(ci, bi) and ψj(cj , bj):

KeyRel2(R) ⇐⇒ ∃bi, bj < l, ∀ci, cj < l

¬R(bi, bj) ∧ ¬R(ci, cj) →
⋁︂

ψi,ψj<l2

V ecFun2(R,ψi, ψj) ∧ ψi(ci, bi) ∧ ψj(cj , bj). (106)

Note that already for binary relations it would be Σ1,b
1 -formula if we do not fix the algebra A. But in our

case, we can go through all possible endomorphisms on Di, Dj . For a solution set RΘ ≤ D0 ×...×Dn−1
we can represent a unary vector function as a three-dimensional set Ψ(i, a, b), where each Ψi represents
a function from Di to Di. Consider the following Π1,b

1 -formula:

V ecFun(RΘ,Ψ) ⇐⇒ ∀i < n, MAP (Di, l, Di, l,Ψi)∧
∧∀H,H ′ ≤ ⟨n, ⟨n, l⟩⟩, HOM¨ (X , Ä, H)∧

∧(∀i < n,∀ai, bi ∈ Di, H(i) = ⟨i, ai⟩ ∧ Ψi(ai, bi) → H ′(i) = ⟨i, bi⟩) →
→ HOM¨ (X , Ä, H ′).

(107)

Then for a solution set RΘ ≤ D0 × ...×Dn−1 we have the following Σ1,b
4 -formula:

KeyRel(RΘ) ⇐⇒ ∃H ≤ ⟨n, ⟨n, l⟩⟩,∀H ′ ≤ ⟨n, ⟨n, l⟩⟩, ¬HOM¨ (X , Ä, H)∧
∧¬HOM¨ (X , Ä, H ′) → ∃Ψ ≤ ⟨n, l, l⟩, V ecFun(RΘ,Ψ)∧

∧(∀i < n,∀ai, bi < l, H ′(i) = ⟨i, ai⟩ ∧ Ψi(ai, bi) → H(i) = ⟨i, bi⟩).
(108)
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3.7.4 Bridges and connectivity

Definition 26 (Irreducible congruence). We say that a congruence σ on Di is irreducible if it is proper,
and it cannot be represented as an intersection of other binary relations stable under σ.

irCongm(σ,Di) ⇐⇒ pCongm(Di,Ω, σ) ∧ ∃a, b ∈ Di,∀j < 2l
2
,

σ ⊊ Γ2
D,j ∧ Stable2(Γ2

D,j , σ) → (Γ2
D,j(a, b) ∧ ¬σ(a, b)).

(109)

We denote the set of all irreducible congruences on D by ΣirD . For an irreducible congruence σ on set
D by σ∗ is denoted the minimal binary relation σ ⊊ σ∗ stable under σ. We can define a string function

·∗(σ)(a, b) = σ∗(a, b) ⇐⇒
⋁︂

σ′≤⟨l,l⟩

Stable2(σ′, σ) ∧ σ ⊊ σ′ ∧ ∀j < 2l
2
,

Stable2(Γ2
D,j , σ) ∧ σ ⊊ Γ2

D,j → σ′ ⊆ Γ2
D,j ∧ σ(a, b).

(110)

Remark 4. Any congruence σ′ containing σ is stable under σ, but a binary relation stable under σ
does not need to be a congruence.

Definition 27 (Bridge). For two domains Di, Dj and congruences on them σi, σj respectively, we say
that a 4-ary relation ρ ⊆ D2

i × D2
j is a bridge from σi to σj if the first two variables of ρ are stable

under σ1 and the last two variables of ρ are stable under σ2, σ1 ⊊ pr1,2(ρ) and σ2 ⊊ pr3,4(ρ), and
(a1, a2, a3, a4) ∈ ρ implies

(a1, a2) ∈ σ1 ⇐⇒ (a3, a4) ∈ σ2.

We can define it by Σ1,b
0 -formula:

Bridge(ρ, σi, σj) ⇐⇒ (∃a, a′ ∈ Di,∃b, b′ ∈ Dj ,

pr1,2(ρ)(a, a′) ∧ ¬σi(a, a′) ∧ pr3,4(ρ)(b, b′) ∧ ¬σj(b, b′))∧
∧Stable2(ρ, 1, σi) ∧ Stable2(ρ, 2, σi) ∧ Stable2(ρ, 3, σj) ∧ Stable2(ρ, 4, σj)∧

∧(∀a, a′ ∈ Di,∀b, b′ ∈ Dj , ρ(a, a′, b, b′) → (σi(a, a′) ↔ σj(b, b′))).

(111)

In words, the projection of ρ to the first two coordinates strictly contains σi and is a full relation between
some set of congruence blocks on the first coordinate and some set of blocks on the second coordinate,
and the same for the projection of ρ to the last two coordinates, and the first two coordinates contain
elements from one congruence block of σi if and only if the last two coordinates also contain elements
from one congruence block of σj . A bridge ρ ⊆ D4 is called reflexive if (a, a, a, a) ∈ ρ for every a ∈ D.
For a bridge ρ, denote by ρ̃ the binary relation defined by ρ̃(x, y) = ρ(x, x, y, y), we define it as a string
function:

·̃(ρ)(x, y) = ρ̃(x, y) ⇐⇒ ρ(x, x, y, y). (112)

A reflexive bridge ρ from an irreducible congruence σi to an irreducible congruence σj is called optimal
if there is no a reflexive bridge ρ′ from σi to σj such that ρ̃ ⊊ ρ̃′, i.e. a bridge that contains more
congruence blocks than ρ.

OptBridge(ρ, σi, σj) ⇐⇒ irCongm(σi, D) ∧ irCongm(σj , D)∧

∧¬(
⋁︂

ρ′≤(4l)24

Bridge(ρ′, σi, σj) ∧ ∀a ∈ D, ρ′(a, a, a, a) ∧ ρ̃ ⊊ ρ̃′). (113)

If ρ is optimal, then ρ̃ is a congruence. For an irreducible congruence σ, define a string function opt as

opt(σ)(x, y) ⇐⇒
⋁︂

ρ≤(4l)24

OptBridge(ρ, σ, σ) ∧ ρ̃(x, y). (114)
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It returns the congruence ρ̃ for an optimal bridge ρ from σ to σ, which is well-defined since we can
compose two reflexive bridges. For a set of irreducible congruences ΣirD , we define a string function
optset that returns the set of opt(σ) for all σ ∈ ΣirD :

optset(ΣirD)(i, a, b) ⇐⇒ ΣirD,i ̸= ∅ ∧ opt(ΣirD,i)(a, b). (115)

We say that two congruences σi, σj on a set D are adjacent if there exists a reflexive bridge from
σi to σj . Since we consider only finite and fixed set of binary constraints Γ2

A, including the set of all
congruences on A and all its subuniverses, we know in advance all bridges for all congruences, the list
denoted by Ξ:

Adj(σi, σj) ⇐⇒
⋁︂
ρ∈ Ξ

Bridge(ρ, σi, σj) ∧ ∀a ∈ D, ρ(a, a, a, a). (116)

Note that Adj(σi, σj) is Σ1,b
0 -formula. We say that two rectangular constraints C1, C2 are adjacent in

a common variable x if Con(C1,x)
2 and Con

(C2,x)
2 are adjacent. A formula is called connected if every

constraint in the formula is critical and rectangular, and the graph, whose vertices are constraints and
edges are adjacent constraints, is connected. To define connectivity, recall that there is a path from i
to j in the input digraph X if there exists a path Pt of some length t that can be homomorphically
mapped to X such that H(0) = i and H(t) = j. For an instance Θ, we define the following Σ1,b

1 -relation
of being connected:

Connected(Θ) ⇐⇒ ∀i, j < n, EX (i, j) → Critical2(EijÄ )∧

∧RectPr2(EijÄ , i) ∧RectPr2(EijÄ , j)∧
∧∀i, j, k, s < n, EX (i, j) ∧ EX (k, s) → ∃Pt < ⟨n, 4n2⟩,∃H ≤ ⟨t, n⟩, PATH(VPt)∧

∧HOM(Pt,X , H) ∧ (H(0, i) ∧H(t, s))∧

∧∀p ≤ t− 2, Adj(Con(EX (H(p),H(p+1)),H(p+1))
2 , Con

(EX (H(p+1),H(p+2)),H(p+1))
2 ),

(117)

where by EX (H(p), H(p + 1))) and EX (H(p + 1), H(p + 2)) we abbreviate all four combinations of
non-symmetric constraints.

3.8 One-of-four subuniverses
In this section, we will define 4 different subuniverses for an algebra D = (D,Ω). For D being a
subuniverse for a fixed algebra A = (A,Ω), all these definitions are Σ1,b

0 -formulas. The part of the
content of the section repeats the formalization previously introduced in [8]. We cannot omit it here
due to the crucial importance of these concepts for the understanding of the paper.

3.8.1 Binary absorption subuniverse

For the fixed algebra A = (A,Ω), Due to Theorem 3 Clone(Ω) = Pol(ΓA). Thus, for any binary term
operation T over A the condition T ∈ Clone(Ω) can be encoded as:

T ∈ Clone(Ω) ⇐⇒ Pol2(T,A,ΓA). (118)

For any three sets D,B, T the following Σ1,b
0 -definable relation indicates that the subset B absorbs D

with binary operation T .
BAsubS(B,D, T ) ⇐⇒ subS(B,D) ∧ ∀a ∈ D,∀b ∈ B, ∃c1, c2 ∈ B,

T (a, b) = c1 ∧ T (b, a) = c2.
(119)

If we want to define a subuniverse, then
BAsubU(B,D, T,Ω) ⇐⇒ SwNU(Ω, B) ∧ Pol2(T,D,ΓA)∧

∧BAsubS(B,D, T ).
(120)

Recall that a binary absorbing subuniverse can be trivial, i.e. B = D.
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3.8.2 Central subuniverse

To define a central subuniverse C of an algebra A = (A,Ω) we need to encode a set Sg for the subset
X = {{a} × C,C × {a}} of A2 for any a ∈ A. Recall that Sg(X) can be constructed by the closure
operator

Cl(X) = X ∪ {Ω(a1, ..., am) : a1, ..., am ∈ X}
∀t ≥ 0, Cl0(X) = X,Clt+1(X) = Cl(Clt(X)).

(121)

Since A is finite of size l and |X| = 2|C|, we do not need more than (l2 − 2|C|) applications of the
closure operator Cl because at any application we either add to the set at least one element or, after
some t, Clt(X) = Clt+r(X) for any r. Not to depend on C, let us choose the value l2. Thus, for any
set X ≤ ⟨l, l⟩, we will iteratively define the following set Cll2X up to l2:

∀b, c < l, Cl0X(b, c) ⇐⇒ X(b, c)∧
∧∀0 < t < l2,∀b, c < l, CltX(b, c) ⇐⇒ Clt−1

X (b, c)∨
∨∃b1, ..., bm, c1, ..., cm ∈ A,Clt−1

X (b1, c1) ∧ ... ∧ Clt−1
X (bm, cm)∧

∧Ω(b1, ..., bm) = b ∧ Ω(c1, ..., cm) = c.

(122)

The existence of this set follows from Σ1,b
1 -induction. A central subuniverse must be an absorbing

subuniverse, namely, a ternary absorbing subuniverse [22]. For any three sets D,C, S the following
Σ1,b

0 -definable relation (D and C are bounded by l) expresses that the subset C of D is central under
ternary term operation S:

CRsubS(C,D, S) ⇐⇒ subS(C,D) ∧ ∀c1, c2 ∈ C, ∀a ∈ D,∃c′
1, c

′
2, c

′
3 ∈ C,

S(c1, c2, a) = c′
1 ∧ S(c1, a, c2) = c′

2 ∧ S(a, c1, c2) = c′
3∧

∧
⋀︂

a∈D\C

⋀︂
X<⟨l,l⟩

((X(a, c) ∧X(c, a) ↔ c ∈ C) → ¬Cll
2

X(a, a)).
(123)

Note that for not fixed algebra B = (B,Ω), this relation is Π1,b
1 since the size of B would not be

bounded, and therefore we could not use large conjunction. If we want to define a subuniverse, then

CRsubU(C,D, S,Ω) ⇐⇒ SwNU(Ω, C) ∧ Pol2(S,D,ΓA)∧
∧CRsubS(C,D, S).

(124)

Recall that a central subuniverse can be trivial, i.e. C = D.

3.8.3 PC subuniverse

Polynomially complete algebras are necessarily simple [10], i.e. they have no non-trivial congruence
relations. The ternary discriminator function is the function t defined by the identities

t(x, y, z) =
{︄
z, x = y,

x, x ̸= y.

Then Theorem 12 gives a necessary and sufficient condition of polynomial completeness.

Theorem 12 ([4]). A finite algebra is polynomially complete if and only if it has the ternary discrim-
inator as a polynomial operation.

The clone of all polynomials over D, Polynom(D) is defined as the clone generated by Ω and all
constants on D, i.e. nullary operations:

Polynom(D) = Clone(Ω, a1, ..., a|D|). (125)
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Constants as nullary operations with constant values, composed with 0-many n-ary operations are
n-ary operations with constant values. Thus, to be preserved by all constant operations, any unary
relation has to contain the entire set D, and any binary relation has to contain the diagonal relation
∆D. For the algebra D = (D,Ω) denote by ΓdiagD = (Γ1,diag

D ,Γ2,diag
D ) the pair of sets such that

Γ1,diag
D (j, a) ⇐⇒ Γ1

D(j, a) ∧ (∀b ∈ A,Γ1
D(j, b))

Γ2,diag
D (i, a, b) ⇐⇒ Γ2

D(i, a, b) ∧ (∀c ∈ A,Γ2
D(j, c, c)).

(126)

Note that for some i, j, Γ1,diag
D,j and Γ2,diag

D,i are empty sets. An n-ary operation P on algebra D is a
polynomial operation if it is a polymorphism for relations from ΓdiagD , i.e.

P ∈ Polynom(D) ⇐⇒ Poln(P,D,ΓdiagD ). (127)

For any two sets D and P the following Σ1,b
0 -definable relation claims that P is a ternary discriminator

on D.
PCD(D,P ) ⇐⇒ ∀a, b, c ∈ D,

(a = b ∧ P (a, b, c) = c) ∨ (a ̸= b ∧ P (a, b, c) = a).
(128)

To formalize a PC subuniverse we need the following definition.

Definition 28 (Polynomially complete algebra). We say that an algebra D = (D,Ω) is polynomially
complete if

PCA(D,Ω) ⇐⇒
⋁︂

P∈Π3
D

Pol3(P,D,ΓdiagD ) ∧ PCD(D,P ). (129)

Definition 29 (Polynomially complete algebra without a non-trivial binary absorbing or central sub-
universe). We say that an algebra D = (D,Ω) is an algebra without a non-trivial binary absorbing or
central subuniverse if it satisfies the following Σ1,b

0 -definable relation:

subTA¬BACR(D,Ω) ⇐⇒ subTA(D,A,Ω)∧

∧
⋀︂
B<l

⋀︂
T<(3l)23

PsubS(B) ∧ Pol2(T,D,ΓD) → ¬BAsubU(B,D, T )∧

∧
⋀︂
C<l

⋀︂
S<(4l)24

PsubS(C) ∧ Pol3(S,D,ΓD) → ¬CRsubU(C,D, S).

(130)

Note that for a not fixed algebra B = (B,Ω), this relation would be Π1,b
2 since the size of B would not

be bounded, and therefore we could not use big conjunctions for sets and ¬CRsubU(C,D, S) would
be Σ1,b

1 -formula. We say that an algebra is polynomially complete algebra without a non-trivial binary
absorbing or central subuniverse if

PCA¬BACR(D,Ω) ⇐⇒ PCA(D,Ω) ∧ subTA¬BACR(D,Ω). (131)

Definition 30 (PC congruence). We say that a set σ < ⟨l, l⟩ is a PC congruence on algebra D = (D,Ω)
of size bounded by l if

PCCongm(D,Ω, σ) ⇐⇒ PCA¬BACR(D/σ,Ω/σ). (132)

Note that in this definition we apply notions from (126) to (131) to algebra (D/σ, Ω/σ) and relations
from ΓD/σ, recall (45).

Recall that for algebra A = (A,Ω) we denoted the set of all congruences on A and all its subuniverses
by ΣA. Using this list we can define the list of congruence on A and all its subuniverses of any type,
for example:

ΣmaxA (i, a, b) ⇐⇒ ΣA(i, a, b) ∧maxCongm(A,Ω,ΣA,i);
ΣPCD (i, a, b) ⇐⇒ ΣD(i, a, b) ∧ PCCongm(D,Ω,ΣD,i).

(133)
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In these definitions we do not enumerate elements in the lists from the beginning, we thin out the
existing lists ΣA, ΣD. That is, for some i < 2l2 the new lists can be empty. Then we say that σ is an
intersection of all PC congruences on D if it satisfies the following Σ1,b

0 relation:

CongPC(D,Ω, σ) ⇐⇒ Congm(D,Ω, σ) ∧ (∀i < 2l
2
,ΣPCD,i ̸= ∅ → σ ⊆ ΣPCD,i )∧

∧
⋀︂

σ′<⟨l,l⟩

(Congm(D,Ω, σ′) ∧ σ ⊊ σ′) → ∃j < 2l
2
,ΣPCD,j ̸= ∅,∃a, b ∈ D,

σ′(a, b) ∧ ¬ΣPCD,j(a, b).

(134)

A subuniverse E ⊆ D is called a PC subuniverse if E = E0 ∩ ... ∩ Es−1 where each Ei is an
equivalence class of some PC congruence.

Definition 31 (PC subuniverse, I definition). For an algebra D = (D,Ω), E is a PC subuniverse if

PCsubU(E,D,Ω) ⇐⇒ (E = ∅) ∨ (E = D)∨

∨
(︁
(∃j < 2l

2
,∀a, b ∈ E,ΣPCD (j, a, b))∧

∧(∃i < 2l
2
,∀a ∈ E,∀b ∈ D,ΣD(i, a, b) ↔ b ∈ E)

)︁
.

(135)

A PC subuniverse can be empty or full (E = D). The condition in the second line ensures that
the entire E is inside exactly one block of any number of PC congruences (since we do not restrict the
number of different j’s in any way) and the condition in the third line ensures that E is indeed a block
of some congruence (not necessarily PC congruence since due to the maximality, intersection of any
number of PC congruences is not a PC congruence).

We give a second definition of a PC subuniverse in this section straightaway. The following lemma
is proved in [21].

Lemma 6 (Lemma 7.13.1, [21]). Suppose that σ1, ..., σk are all PC congruences on A. Put Ai = A/σi,
and define ψ : A → A1 × ...×Ak by ψ(a) = (a/σ1, ..., a/σk). Then

1. ψ is surjective, hence A/ ∩i σi ∼= A1 × ...×Ak;

2. the PC subuniverses are the sets of the form ψ−1(S) where S ⊆ A1×...×Ak is a relation definable
by unary constraints of the form xi = ai;

3. for each non-empty PC subuniverse B of A there is a congruence θ of A such that B is an
equivalence class of θ and A/θ is isomorphic to a product of PC algebras having no non-trivial
binary absorbing subuniverse or center. That is, A/θ ∼= Aj1 × ... × Ajs where each Aji is a PC
algebra that has no non-trivial binary absorbing subuniverse or center.

Since for a fixed algebra A = (A,Ω) and all its subalgebras D we know the list of all PC congruences,
we do not need to prove this lemma, the algorithm can just check it. Then, since the algebra A and all
its subalgebras are bounded by size l, the maximal possible number of quotients in the direct product
D0 × ...×Dk−1 is s = log2l.

Definition 32 (PC subuniverse, II definition). For an algebra D = (D,Ω), s = log2l, E is a PC
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subuniverse if

PCsubU(E,D,Ω) ⇐⇒ (E = ∅) ∨ (E = D) ∨
(︁
(∃i < 2l

2
,∀a ∈ E,∀b ∈ D,

ΣD(i, a, b) ↔ b ∈ E)∧

∧
⋁︂

(σ0∈ΣP C
D )

⋁︂
(H∈MD,ΣD,i,σ0 )

ISOalg(D/ΣD,i,Ω/ΣD,i, D/σ0,Ω/σ0, H)∨

∨
⋁︂

(σ0,σ1∈ΣP C
D )

⋁︂
(H∈MD,ΣD,i,σ0,σ1 )

ISOalg(D/ΣD,i,Ω/ΣD,i, D/σ0 ×D/σ1,

Ω/σ0 ∩ σ1, H) ∨ ...

... ∨
⋁︂

(σ0,...,σs−1∈ΣP C
D )

⋁︂
(H∈MD,ΣD,i,σ0,...,σs−1 )

ISOalg(D/ΣD,i,Ω/ΣD,i, D/σ0 × ...

...×D/σs−1,Ω/ ∩i σi, H)
)︁
.

(136)

3.8.4 Linear subuniverse

Since the algebra A and all its subalgebras are bounded by size l, the maximal possible number of
prime fields in the prime product Zp0 × ... × Zpk−1 is s = log2l. We formalize a finite abelian group
Zp = (Zp, 0,+,−), where p is prime, as a set Zp, |Zp| = p ∧ ∀a < p,Zp(a), and +(mod p), −(mod p). For
any direct product up to k ≤ log2l abelian groups Zp0 × ...×Zpk−1 we define a set Zp0 × ...×Zpk−1 ≤
(p0 + ...+ pk−1 + 1)2k such that for all a0 < p0, ..., ak−1 < pk−1, (a0, ..., ak−1) ∈ Zp0 × ...× Zpk−1 and

∀a0, b0 < p0, ...,∀ak−1, bk−1 < pk−1,

+((a0, ..., ak−1), (b0, ..., bk−1)) = (a0 +(mod p0) b0, ..., ak−1 +(mod pk−1) bk−1),
−((a0, ..., ak−1), (b0, ..., bk−1)) = (a0 −(mod p0) b1, ..., ak−1 −(mod pk−1) bk−1).

(137)

We will denote elements (a0, ..., ak−1) of Zp0 × ... × Zpk−1 by āk, and will omit index (mod p) when it
does not lead to confusion. Also, we allow the use of trivial algebras (with one element 0) in a product,
so Prime′(p) ⇐⇒ Prime(p) ∨ p = 1.

Definition 33 (Linear algebra of size at most |A|). For an algebra D = (D,Ω), s = log2l, we say that
it is a linear algebra if

LinA(D,Ω) ⇐⇒
⋁︂
p0≤l

Prime′(p0)

⋁︂
H∈MD,p0

ISOalg(D,Ω, Zp0 , ā
1
1 + ...+ ā1

m, H)∨

∨
⋁︂

p0·p1≤l
Prime′(p0),Prime′(p1)

⋁︂
H∈MD,p0,p1

ISOalg(D,Ω, Zp0 × Zp1 , ā
2
1 + ...+ ā2

m, H) ∨ ...

... ∨
⋁︂

p0·...·ps−1≤l
Prime′(p0),...,Prime′(pk)

s=log2l

⋁︂
H∈MD,p0,...,ps−1

ISOalg(D,Ω, Zp0 × ...× Zps−1 ,

ās1 + ...+ āsm, H).

(138)

Definition 34 (Linear congruence). We say that a set σ < ⟨l, l⟩ is a linear congruence on algebra
D = (D,Ω) if

LinCongm(D,Ω, σ) ⇐⇒ LinA(D/σ,Ω/σ). (139)

We can also check that any linear congruence of algebra A (or its subalgebras) bounded by size l
is a linear congruence for any subalgebra of A (or their subalgebras). Let us define the set of all linear
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congruences on D as:

ΣlinD (i, a, b) ⇐⇒ ΣD(i, a, b) ∧ LinCongm(D,Ω,ΣD,i). (140)

Then we say that σ is the minimal linear congruence (an intersection of all linear congruences) on D if

CongLin(D,Ω, σ) ⇐⇒ ∃i < 2l
2
, σ = ΣlinD,i ∧ ∀j < 2l

2
,ΣlinD,j ̸= ∅ → σ ⊆ ΣlinD,j . (141)

Note that the definition of CongLin differs from the definition of CongPC since any intersection of
linear congruences is again a linear congruence. A subuniverse L ⊆ D is called a linear subuniverse if
it is stable under CongLin:

LNsubU(L,D,Ω) ⇐⇒ SwNU(Ω, L) ∧
⋀︂

σ≤⟨l,l⟩

CongLin(D,Ω, σ) →

→ Stable1(L, σ).
(142)

Remark 5. A linear subuniverse is a union of classes of CongLin. However, not every union of such
classes needs to be a subuniverse. For example, for a linear algebra (D,Ω) that is isomorphic to
(Zp, x1 + ...+ xm), and a minimal linear congruence ∆ every element of Zp is a subuniverse (since Ω
is idempotent), but not any other proper subset of Zp is a subuniverse. From here, we get that there
are no non-trivial congruences on (D,Ω) (every congruence block must be a subuniverse).

3.8.5 One-of-four and minimal subuniverse

All the following formulas in this section are Σ1,b
0 (they would not if A is not fixed). We say that B is

one-of-four subuniverse of D if

1of4subU(B,D,Ω) ⇐⇒ PCsubU(B,D,Ω) ∨ LNsubU(B,D,Ω)∨

∨
⋁︂

T<(3l)8

BAsubU(B,D, T,Ω) ∨
⋁︂

S<(4l)16

CRsubU(B,D, S,Ω). (143)

We say that a subuniverse is minimal if it is non-trivial and inclusion minimal (does not contain any
other subuniverse of the same type). For example,

minBAsubU(B,D, T,Ω) ⇐⇒ BAsubU(B,D, T,Ω) ∧
⋀︂
B′<l

⋀︂
T ′<(3l)8

B′ ⊊ B →

→ ¬BAsubU(B′, D, T ′,Ω);

minLNsubU(B,D,Ω) ⇐⇒ LNsubU(B,D,Ω) ∧
⋀︂
B′<l

B′ ⊊ B →

→ ¬LNsubU(B′, D,Ω).

(144)

For linear and PC subuniverses we also will use the fact that a minimal linear/ PC subuniverse is a
block of CongLin/ CongPC. We denote a block B of a congruence σ as

Block(B,D, σ) ⇐⇒ ∀a ∈ B, ∀b ∈ D,σ(a, b) ↔ b ∈ B. (145)

Then
minPCsubUB(B,D,Ω) ⇐⇒

⋀︂
σ<(2l)4

CongPC(D,Ω, σ) →

→ Block(B,D, σ);

minLNsubUB(B,D,Ω) ⇐⇒
⋀︂

σ<(2l)4

CongLin(D,Ω, σ) →

→ Block(B,D, σ).

(146)
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3.9 Reductions
Note that all further definitions for all types of reductions and strategies are Σ1,b

0 -formulas.

Definition 35 (Different types of reductions). For an instance Θ = (X , Ä) with domain set D =
(D0, ..., Dn−1) we say that a set D(⊥) = (D(⊥)

0 , ..., D
(⊥)
n−1) is an absorbing reduction of D if there exists

a term operation T such that D(⊥)
i is a binary absorbing subuniverse of Di with the term operation T

for every i:
BARed(D(⊥), D) ⇐⇒ Red(D(⊥), D) ∧

⋁︂
T<(3l)8

Pol2(T,D,ΓD)∧

∧∀i < n, BAsubU(D(⊥)
i , Di, T,Ω).

(147)

We say that D(⊥) = (D(⊥)
0 , ..., D

(⊥)
n−1) is a central reduction if Di is a central subuniverse for every i:

CRRed(D(⊥), D) ⇐⇒ Red(D(⊥), D) ∧ ∀i < n,⋁︂
Si<(4l)16

Pol3(Si, D,ΓD) ∧ CRsub(D(⊥)
i , Di, Si). (148)

We say that D(⊥) = (D(⊥)
0 , ..., D

(⊥)
n−1) is a PC reduction if

PCRed(D(⊥), D) ⇐⇒ Red(D(⊥), D) ∧ ∀i < n,

PCsubU(D(⊥)
i , Di,Ω) ∧ subTA¬BACR(Di,Ω).

(149)

We say that D(⊥) = (D(⊥)
0 , ..., D

(⊥)
n−1) is a linear reduction if

LNRed(D(⊥), D) ⇐⇒ Red(D(⊥), D) ∧ ∀i < n,

LNsubU(D(⊥)
i , Di,Ω) ∧ subTA¬BACR(Di,Ω).

(150)

In an obvious way, we can define a minimal absorbing/ central/ PC/ linear reduction, a non-linear
reduction nonLNRed(D(⊥), D) and one-of-four reduction 1of4Red(D(⊥), D).
Remark 6. A CSP instance Θ = (X , Ä) is a set

Θ(⟨ ⟨n, ⟨n, n⟩⟩⏞ ⏟⏟ ⏞
X

, ⟨⟨n, l⟩, ⟨⟨n, l⟩, ⟨n, l⟩⟩⟩⏞ ⏟⏟ ⏞
Ä

⟩)

Let us denote the length of Θ as a number function instsize(n, l) = |Θ|.

A strategy for a CSP instance Θ = (X , Ä) with domain setD is a sequence of reductionsD(0), ..., D(s),
where D(j) = (D(j)

0 , ..., D
(j)
n−1), such that D(0) = D and D(j) is a one-of-four 1-consistent reduction of

Θ(j−1) for every j ≥ 1. A strategy is called minimal if every reduction in the sequence is minimal.
Since after any reduction we decrease at least one domain by at least one element, to represent the
entire strategy it is enough to consider a set (matrix) with nl rows, each row representing a reduction
of the CSP instance. We need to track both domain reductions (the set VÄ, or D) and restrictions of
the constraint relations (the set EÄ). An input digraph X does not change, but for consistency, we
will track it as well.

Definition 36 (A strategy for a CSP instance). A strategy for an instance Θ up to s ≤ nl step is a
set ΘStr < ⟨nl, instsize(n, l)⟩ such that:

Strategy(Θ,ΘStr, s) ⇐⇒ Θ0
Str = Θ ∧ ∀1 ≤ j ≤ s, 1C(Θ(j)

Str)∧

∧redinst(Θ(j−1), D(j)) = Θ(j)
Str ∧ ∀1 ≤ j ≤ s, 1of4Red(D(j)

Str, D).
(151)
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A strategy is called minimal if

minStrategy(Θ,ΘStr, s) ⇐⇒ Strategy(Θ,ΘStr, s) ∧ ∀1 ≤ j ≤ s,

min1of4Red(D(j)
Str, D).

(152)

When we want to consider the domain strategy separately, we will refer to it as DStr < ⟨nl, ⟨n, l⟩⟩,
each jth row representing D(j).

3.10 Three universal algebra axiom schemes
In this section, we formalize three universal algebra axiom schemes, reflecting the "only if" implications
of Theorems 9, 10, and 11 in [21] (for the soundness we do not need the "if" implication). These axiom
schemes were already introduced in [8], and we echo the formalization because of its importance for
the understanding of the paper. The schemes are formulated for a constraint language ΓA over the
set A of size l, fixed algebra A = (A,Ω) with Ω being a special m-ary WNU operation. They consist
of finitely many ∀Σ1,b

2 -formulas (for all possible subuniverses of A).
BAA-axiom scheme reflects that if Θ is a cycle-consistent irreducible CSP instance, and B is a

non-trivial binary absorbing subuniverse of Di, then Θ has a solution only if Θ has a solution with
xi ∈ B (Theorem 9 in [21]):

BAA,B,D =def ∀X = (VX , EX ),∀Ä = (VÄ, EÄ, D0, ..., Dn−1),(︁
B ⊊ D ∧ SwNUm(Ω, D) ∧ SwNUm(Ω, B)∧

∧∃T < (3l)23
, Pol2(T,D,ΓA) ∧BAsubS(B,D, T )∧

∧Inst(Θ,ΓA) ∧ CCInst(X , Ä) ∧ IRDInst(X , Ä)∧
∃i < n,Di = D∧

HOM¨ (X , Ä)
)︁

=⇒ HOM¨ (X , Ä = (VÄ, EÄ, D0, ..., B, ..., Dn−1)).

(153)

CRA-axiom scheme states that if Θ is a cycle-consistent irreducible CSP instance, and C is a non-
trivial central subuniverse of Di, then Θ has a solution only if Θ has a solution with xi ∈ C (Theorem
10 in [21]):

CRA,D,C =def ∀X = (VX , EX ),∀Ä = (VÄ, EÄ, D0, ..., Dn−1),(︁
C ⊊ D ∧ SwNUm(Ω, D) ∧ SwNUm(Ω, C)∧

∃S < (4l)24
, Pol3(S,D,ΓA) ∧ CRsubS(C,D, S)∧

∧Inst(Θ,ΓA) ∧ CCInst(X , Ä) ∧ IRDInst(X , Ä)∧
∃i < n,Di = D∧

HOM¨ (X , Ä)
)︁

=⇒ HOM¨ (X , Ä = (VÄ, EÄ, D0, ..., C, ...,Dn−1)).

(154)

Finally, PCA-axioms says that if Θ is a cycle-consistent irreducible CSP instance, there does not
exist a non-trivial binary absorbing subuniverse or a non-trivial center on Dj for every j, (Di,Ω)/σi
is a polynomially complete algebra, and E is an equivalence class of σi, then Θ has a solution only if
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Θ has a solution with xi ∈ E (Theorem 11 in [21]):

PCA,D,E =def ∀X = (VX , EX ),∀Ä = (VÄ, EÄ, D0, ..., Dn−1),(︁
[∀j < n,∀B < l, ∀T < (3l)23

, Pol2(T,Dj ,ΓA) → ¬BAsubS(B,Dj , T )∧

∧∀j < n,∀C < l,∀S < (4l)24
, Pol3(S,Dj ,ΓA) → ¬CRsubS(C,Dj , S)]

∧∃σ < ⟨l, l⟩,∃D/σ < l,∃Ω/σ < (ml)2m+1
, FAm(D/σ,Ω/σ,D,Ω, σ)∧

∧∃P < (4l)24
, Pol3(P,D/σ,ΓdiagD /σ) ∧ PCD(D/σ, P )∧

SwNUm(Ω, D) ∧ E ⊊ D ∧ (∀a ∈ E,∀b ∈ D,σ(a, b) ↔ b ∈ E)∧
∧Inst(Θ,ΓA) ∧ CCInst(X , Ä) ∧ IRDInst(X , Ä)∧

∃i < n,Di = D∧
HOM¨ (X , Ä)

)︁
=⇒ HOM¨ (X , Ä = (VÄ, EÄ, D0, ..., E, ..., Dn−1)).

(155)

4 Formalization of a proof of three axiom schemes
In this section, we consider solution sets and not their projections to subsets of coordinates. The
proofs for both cases do not essentially differ, and we can repeat the same reasoning for any projection.
However, since projection increases the complexity of a formula from Σ1,b

0 to Σ1,b
1 , in any proof using

the induction or comprehension axioms of level i for a set of solutions, we need to exchange the level
for i+ 1 for a projection to a subset of coordinates.

4.1 Formalization of some auxiliary lemmas and theorems
We will present the formalization of several selected statements and their proofs used in the proof of
the soundness of the algorithm. We selected those that genuinely represent various types of arguments
encountered in [21], [22]. It should be sufficiently clear that other statements of a similar nature can
be formalized analogously.

4.1.1 Properties of a binary absorbing subuniverse on An

We say that a solution set to a CSP instance Θ over ΓA on n variables, RΘ ≤ D0 × ... × Dn−1 is a
binary absorbing subuniverse of D0 × ...×Dn−1 if there exists a binary term operation T ∈ Pol(ΓA)
such that for any two maps H,H ′ : [n] → (D0, ..., Dn−1) where H /∈ RΘ and H ′ ∈ RΘ, the maps
usepol2(T,H,H ′) and usepol2(T,H ′, H) are in RΘ. An analogous definition can be formulated for any
projection of the set of solutions Ri1,...,is

Θ .

Lemma 7 (Lemma 7.1, [21]). Suppose that RΘ is defined by a pp-formula Θ(x0, ..., xn−1) and Θ′ is
obtained from Θ by replacing some constraint relations ρ1, ..., ρs by constraint relations ρ′

1, ..., ρ
′
s such

that ρ′
k absorbs ρk with a term operation T for every k. Then V 0 proves that the relation RΘ′ defined

by Θ′(x0, ..., xn−1) absorbs RΘ with the term operation T .

Proof. Let us consider two CSP instances Θ = (X , Ä) and Θ′ = (X ′, Ä′), where X ′ = X (the analogous
reasoning can be applied to projections). Suppose that there exists a binary term T ∈ Pol(ΓA) such
that for each i < n, D′

i ⊆ Di binary absorbs Di and for all i, j < n with EX (i, j), EijÄ′ ⊆ EijÄ binary
absorbs EijÄ :

∀a ∈ D′
i,∀b ∈ Di,∃c1, c2 ∈ D′

i, T (a, b) = c1 ∧ T (b, a) = c2∧
∀a1, b1 < l, ∀a2, b2 < l, (EijÄ (a1, b1) ∧ EijÄ′(a2, b2)) →

→ ∃a3, a4 < l, ∃b3, b4 < l, EijÄ′(a3, b3) ∧ EijÄ′(a4, b4)∧
∧T (a1, a2) = a3 ∧ T (a2, a1) = a4 ∧ T (b1, b2) = b3 ∧ T (b2, b1) = b4.

(156)
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Note that for some i, j < n, D′
i and EijÄ′ could be equal to Di and EijÄ . If RΘ′ or/ and RΘ are

empty, we are done (RΘ′ is an empty subuniverse). Suppose that both instances have solutions.
Every solution to the instance Θ′ is a solution to the instance Θ. Consider any two solutions to Θ
and Θ′, homomorphisms H and H ′, respectively. Consider two maps H1 = usepol2(T,H,H ′) and
H2 = usepol2(T,H ′, H). We need to prove that these maps are homomorphisms from X ′ to Ä′.
Suppose that H1 (or H2) is not a homomorphism. Then there exists an edge in X ′, EX ′(i, j) such that
H1 fails to map it to an edge in Ä′. But this contradicts (156).

Corollary 2 (Corollary 6.1.3, [22]). Suppose RΘ ≤ D0 × ...×Dn−1 and Bi is an absorbing subuniverse
in Ai with a term T for every i. Then V 0 proves that (B0×...×Bn−1)∩RΘ is an absorbing subuniverse
of RΘ with the term T .

Corollary 3 (Corollary 7.1.2, [21]). Suppose that RΘ ≤ D0 × ... × Dn−1 is a relation such that
pr0(RΘ) = D0 and B = pr0((B0 × ...×Bn−1) ∩ RΘ), where Bi is an absorbing subuniverse in Di with
a term T for every i. Then V 1 proves that B is an absorbing subuniverse in D0 with the term T .

Proof. Consider RΘ as a solution set to some CSP instance Θ = (X , Ä). Since every Bi is an absorbing
subuniverse of Di, (B0 × ...×Bn−1) ∩ RΘ is a solution set for an instance Θ′ defined similarly to (156)
with a domain set D′ = {B0, ..., Bn−1} (for all i, j < n, EijÄ′ = EijÄ ). Then from pr0(RΘ) = D0 it
follows that B is an absorbing subuniverse of D0.

Lemma 8 (Lemma 7.3, [21]). Suppose that RΘ is a non-trivial absorbing subuniverse of D0×...×Dn−1.
Then V 2 proves that for some i there exists a non-trivial absorbing subuniverse Bi in Di with the same
term.

Proof. The lemma is proved by induction on the arity of RΘ. RΘ is a non-trivial binary absorbing
subuniverse of D0 × ...×Dn−1 if there exists a solution to Θnull that is not a solution to Θ, and there
exists a binary term T such that for any two homomorphisms H from X to Ä and Hnull from Xnull
to Änull, both maps usepol2(T,H,Hnull) and usepol2(T,Hnull, H) are homomorphisms from X to Ä.

Consider the following B(Σ1,b
1 )-formula ϕ(t). Here, as fixed parameters, we use ΓA and A = (A,Ω).

Induction goes on the size of the instance, VX = VXnull
= t. Witnesses (∀ quantification) in Σ1,b

2 -
induction corresponding to t are sets EX , EXnull

, Ä with the set of vertices of size ⟨t, l⟩.

ϕ(t) :=
(︁
VX = VXnull

= t ∧DG(Θ) ∧DGnull(Θnul)∧
∧Inst(Θ,ΓA) ∧ Inst(Θnull,ΓA)

)︁
∧

∧
(︁ ⋁︂
T∈Π2

A

∀H,Hnull ≤ ⟨t, ⟨t, l⟩⟩, HOM¨ (X , Ä, H) ∧HOM¨ (Xnull, Änull, Hnull) →

→ HOM¨ (X , Ä, usepol2(T,H,Hnull)) ∧HOM¨ (X , Ä, usepol2(T,Hnull, H)
)︁

∧
(︁
∃H ′ ≤ ⟨t, ⟨t, l⟩⟩, HOM¨ (Xnull, Änull, H

′) ∧ ¬HOM¨ (X , Ä, H ′)
)︁

=⇒

=⇒ ∃i < t,
⋁︂
B<l

Bi ⊊ Ai ∧BAsubU(Bi, Ai, T,Ω).

(157)

The expression in the first brackets says that Θ and Θnull are CSP instances over ΓA on t variables,
and Θnull is an empty instance. This is obviously true for t = 1. Suppose that it is true for t = s
and consider t = s + 1. If the projection of RΘ on the s + 1 coordinate is not Ds+1, then Rs+1

Θ is a
binary absorbing subuniverse due to the definition of a non-trivial absorbing subuniverse. Otherwise,
choose any element a ∈ Ds+1 such that RΘ does not contain all homomorphisms sending s + 1 to a
and consider the new s-ary relation RΘ′ = {(a0, ..., as)|(a0, ..., as, a) ∈ RΘ}. Due to Lemma 7, it is
a non-trivial binary absorbing subuniverse for D0 × ...×Ds (T is idempotent). But note that RΘ′ is
also a solution set to a specific CSP instance Θ′ on s variables: we just remove from EX of Θ all edges
adjacent to xs+1 and for all j < s + 1 restrict Ej(s+1)

Ä and E
(s+1)j
Ä to pairs ending and starting with

a. Thus, we can apply the induction hypothesis.
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The following lemma from [11] gives us a more precise theory, which we will not define here.

Lemma 9 ([11]). For all i ≥ 1, the theory T i2 proves the induction scheme IND for B(Σbi )-formulas.

Lemma 10 (Lemma 7.5, [21]). Suppose D(1) is an absorbing reduction of a CSP instance Θ and a
relation RΘ ≤ D0 × ...×Dn−1 is subdirect. Then V 0 proves that R

(1)
Θ is not empty.

Proof. Suppose the opposite. Then RΘ ∩D(1)
0 × ...×D

(1)
n−1 = ∅, where for each i < n, D(1)

i is a binary
absorbing subuniverse of Di with the term T . This means that for every homomorphism Hi1 ∈ RΘ

there exists i < n such that Hi1(i) = ⟨i, a⟩, where a ∈ Di\D(1)
i . Since RΘ is subdirect, for any i < n

and for any b ∈ D
(1)
i there exists a homomorphism Hi2 such that Hi2(i) = ⟨i, b⟩. Composing these

homomorphisms, since T is a polymorphism, we again get a homomorphism Hi3 = usepol2(T,Hi1 , Hi2)
such that Hi3(i) = ⟨i, c⟩ for some c ∈ D

(1)
i . Consider any j ̸= i < n such that Hi3(j) = ⟨j, d⟩ with

d /∈ D
(1)
j . Again, since RΘ is subdirect, there must be a homomorphism Hi4 such that Hi4(j) = ⟨j, e⟩

for some e ∈ D
(1)
j . We compose these two homomorphisms and get Hi5 = usepol2(T,Hi3 , Hi4) such

that Hi5(i) = ⟨i, f⟩ and Hi5(j) = ⟨j, g⟩ with f ∈ D
(1)
i and g ∈ D

(1)
j . Applying this procedure at most

n times, we will get a homomorphism in R
(1)
Θ , a contradiction.

4.1.2 Properties of a central subuniverse on An

We say that a solution set to a CSP instance Θ over ΓA on n variables, RΘ ≤ D0×...×Dn−1 is a central
absorbing subuniverse of D0 ×...×Dn−1 if there exists a ternary term operation S ∈ Pol(ΓA) such that
RΘ absorbs D0 × ...×Dn−1 with S and for any map H /∈ RΘ such that for all i < n, H(i) = ⟨i, ai⟩,
the following conditions hold. Construct two new CSP instances, ΘL and ΘR as follows:

• We double the number of variables, DL = DR = {D0, ..., D2n−1} with Di = Dn+i for every
i < n;

• For the instance ΘL we copy digraph X for the first n variables, and we join it with a path Pn of
length n, namely EPn

(xn−1, xn), ..., EPn
(x2n−2, x2n−1). We copy Ä for the first n variables and

set the constraints for the path: Exn−1,xn

Än
as a full relation and for the next edges Exn,xn+1

Än
=

{(a0, a1)}, Exn+1,xn+2

Än
= {(a1, a2)},..., Ex2n−2,x2n−1

Än
= {(an−2, an−1)}. Note that such a CSP

instance is a CSP instance over ΓA since Ω is idempotent and every single element of D0 × ...×
Dn−1 is a subuniverse;

• For the instance ΘR we do the same but in inversed manner (copy X and Ä for the variables
n, ..., 2n− 1);

Then from solutions to ΘL and ΘR by applying Ω we cannot generate the map H such that for i < n,
H(i) = H(n+i) = ⟨i, ai⟩. Note that to define this fact, we need the third-order induction. The number
of maps on 2n variables is l2n, so to define the generated algebra CRΘL

∪RΘR
it is needed to consider

at most l2n steps which we encode by strings:

∀H ≤ ⟨2n⟨2n, l⟩⟩, C
[∅]
RΘL

∪RΘR
(H) ⇐⇒ RΘL

(H) ∨ RΘR
(H)∧

∀∅ ≤ T < 2n⌈log2l⌉,∀H ≤ ⟨2n⟨2n, l⟩⟩,

C
[S(T )]
RΘL

∪RΘR
(H) ⇐⇒ C

[T ]
RΘL

∪RΘR
(H)∨

∨∃H1, ...,Hm ≤ ⟨2n⟨2n, l⟩⟩, C
[T ]
RΘL

∪RΘR
(H1) ∧ ... ∧ C

[T ]
RΘL

∪RΘR
(Hm)∧

∧ω(H1, ...,Hm) = H.

(158)

The analogous definition can be formulated for any projection of the solution set Ri1,...,is
Θ .
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Lemma 11 (Composed Lemma 7.6, [21], and Theorem 6.9, [22]). Suppose RΘ is defined by a pp-
formula Θ(x0, ..., xn−1) and Θ′ is obtained from Θ by replacement of some constraint relations ρ1, ..., ρs
by constraint relations ρ′

1, ..., ρ
′
s such that ρ′

k is a central subuniverse for ρk with a term operation S
for every k. Then V 1 proves that the relation RΘ′ defined by Θ′(x0, ..., xn−1) is a central subuniverse
for RΘ with the term operation S.

Proof. Consider two CSP instances Θ = (X , Ä) and Θ′ = (X ′, Ä′), where X ′ = X (again, the analogous
reasoning can be applied to projections). Due to the assumption, there exists a ternary term S ∈
Pol(ΓA) such that for each i < n, D′

i ⊆ Di ternary absorbs Di and for all i, j < n with EX (i, j),
EijÄ′ ⊆ EijÄ ternary absorbs EijÄ . The defining relation is analogous to (156). Also, for each i < n, and
for any a ∈ Di\D′

i, (a, a) /∈ Sg(Xi
(a)), where

Xi
(a) = {{a} ×D′

i, D
′
i × {a}}, (159)

and for all i, j < n with EX (i, j), and for every (a, b) ∈ EijÄ \EijÄ′ we have (a, b, a, b) /∈ Sg(Xij
(a,b)), where

Xij
(a,b) = {(a, b)} × EijÄ′ ∪ EijÄ′ × {(a, b)}. (160)

We will show how to define Sg(Xij
(a,b)) analogously to a central subuniverse we defined before, using

the closure operator Cl(Xij
(a,b)). Since A is finite of size l and |Xij

(a,b)| = 2|EijÄ′ |, we do not need more
than (l4 − 2|EijÄ′ |) steps. Not to depend on EijÄ′ , choose the value l4. For set Xij

(a,b) ≤ ⟨⟨l, l⟩, ⟨l, l⟩⟩,
iteratively define the following set Clt

Xij

(a,b)
up to l4:

∀c, d, e, f < l, Cl0
Xij

(a,b)
(c, d, e, f) ⇐⇒ Xij

(a,b)(c, d, e, f)∧

∧∀0 < t < l4,∀c, d, e, f < l, Clt
Xij

(a,b)
(c, d, e, f) ⇐⇒ Clt−1

Xij

(a,b)
(c, d, e, f)∨

∨∃c1, ..., cm, d1, ..., dm, e1, ..., em, f1, ..., fm ∈ A,

Clt−1
Xij

(a,b)
(c1, d1, e1, f1) ∧ ... ∧ Clt−1

Xij

(a,b)
(cm, dm, em, fm)∧

∧Ω(c1, ..., cm) = c ∧ Ω(d1, ..., dm) = d ∧ Ω(e1, ..., em) = e ∧ Ω(f1, ..., fm) = f.

(161)

Therefore,

∀i, j < n, ∀a, b < l, (EX (i, j) ∧ EijÄ (a, b) ∧ ¬EijÄ′(a, b)) → ¬Cll
4

Xij

(a,b)
(a, b, a, b). (162)

That RΘ′ absorbs RΘ with ternary operation S can be proved as in Lemma 7. Suppose that RΘ′ is
not a central subuniverse of RΘ. Then there exists a homomorphism H from X to Ä, sending each
i < n to ⟨i, ai⟩, such that it is not a homomorphism from X ′ to Ä′, and if we construct two instances
Θ′
L and Θ′

R as above, the subalgebra generated by these two instances contains a homomorphism H ′

sending both i and n+ i to ⟨i, ai⟩ for each i < n. It would mean that for all i, j < n such that EX (i, j),
elements of the form (ai, aj , ai, aj) ∈ Di × Dj × Dn+i × Dn+j must belong to sets Cll4

Xij

(ai,aj )
. But

at least one (ai, aj) must be from EijÄ \EijÄ′ (otherwise H is a homomorphism from X ′ to Ä′). That
contradicts with (162).

Remark 7. Note that in the above proof, we do not even use the definition of the third-order object.
We lowered requirements to second-order objects and showed the contradiction. Thus, we can remain
in V 1.

Corollary 4 (Corollary 6.9.2, [22]). Suppose RΘ ≤ D0 × ...×Dn−1 is a relation such that pr0(RΘ) =
D0 and C = pr0((C0 × ... × Cn−1) ∩ RΘ), where Ci is a central subuniverse in Di for every i. Then
V 1 proves that C is a central subuniverse in D0.
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Corollary 5 (Corollary 6.9.3, [22]). Suppose RΘ ≤ D0 × ... × Dn−1 and Ci is a central subuniverse
for every i. Then V 1 proves that (C0 × ...× Cn−1) ∩ RΘ is a central subuniverse for RΘ.
Lemma 12 (Lemma 7.7, [21]). Suppose RΘ is a non-trivial center of D0 × ...×Dn−1. Then V 2 proves
that for some i there exists a non-trivial center Ci of Di.

4.1.3 Properties of a PC subuniverse on An

While considering the properties of a PC subuniverse on D0 × ... × Dn−1, we keep in mind that we
further use all auxiliary lemmas in the proof of the main statements about the next reduction, and all
reductions are constructed based on separate domains upward to subuniverses on their product. That
is, there is no need to consider arbitrary PC subuniverses on D0 × ... × Dn−1 or on the solution set
RΘ. The problem here is that we have no definition of a PC algebra for an arbitrary product or a
PC congruence on that product (recall that in the definition of PC algebra, we use fixed constraint
language ΓA). Thus, any time in the proofs we consider an arbitrary algebra D and its arbitrary PC
congruence σ, we may assume that D is a subuniverse R ≤ D0 × ... × Dn−1 and σ is an extended
congruence for some PC congruence σi on a domain Di.
Lemma 13 (Lemma 6.20, [22]). Suppose RΘ is a subdirect relation on D0 × ... × Dn−1 and Ei is a
PC subuniverse of Di for every i. Then W 1

1 proves that (E0 × ...× En−1) ∩ RΘ is a PC subuniverse
of RΘ.
Proof. Due to the assumption, there is a PC subuniverse Ei of Di for every i. If some Ei is empty,
then we are done. Otherwise, each Ei is a block of some congruence δi = ∩jσij on Di, where σi1 , ..., σis
are PC congruences on Di. We can extend every σij to the product D0 × ... × Dn−1, and consider
the congruence Cθi

= ∩k ̸=i C∇ext
Dk

∩ Cσext
ij

. Since RΘ is subdirect, it is easy to check that a third-order
map H that sends every H ∈ RΘ/Cθi

to a ∈ Di/σij such that H(i) = ⟨i, a⟩, is an isomorphism from
(RΘ/Cθi

,FΩ/θi
) to (Di/σij ,Ω/σij). So (RΘ/Cθi

,FΩ/θi
) acts like a PC algebra, and we will call CRΘ

σext
ij

restricted to RΘ an extended PC congruence for (RΘ,FΩ).
It follows that for each Ei, Eexti ∩ RΘ is an intersection of blocks of extended PC congruences

restricted to (RΘ,FΩ), as well as Eext0 ∩ ...∩Eextn−1 ∩RΘ, and we can call it an extended PC subuniverse.
By the definition of every Eexti , it is just E0 × ...× En−1 ∩ RΘ.

Note that from the same reasoning, it follows that E0 × ...×En−1 is an extended PC subuniverse
of D0 × ...×Dn−1.
Lemma 14 (Lemma 6.18, [22]). Suppose that D is a PC algebra and RΘ ≤ Dn contains all constant
tuples (a, a, ..., a). Then V 0 proves that RΘ can be represented as a conjunction of binary relations of
the form xi = xj.
Proof. Since RΘ ≤ Dn contains all constant tuples (a, a, ..., a), every domain Di of a CSP instance
Θ is equal to D, and every binary constraint EijD̈ contains a diagonal relation ∆ij . Recall that an
algebra is PC if there exists a ternary discriminator P such that Pol3(P,D,ΓdiagD ). Therefore, P must
preserve RΘ. We want to show that every EijD̈ that is not a full binary relation is equal to relation
∆ij . Suppose that for some i, j < n EijD̈ is neither a full nor diagonal relation. Then there must exist
some a ̸= b such that EijD̈ (a, b). But since P preserves EijD̈ , (P (a, a, b), P (a, b, b)) = (b, a) ∈ EijD̈ , and
for every c ̸= b, (P (a, b, c), P (a, a, c)) = (a, c) ∈ EijD̈ . Thus, EijD̈ is a full relation.

The following lemma follows from the previous lemma and some additional reasoning.
Lemma 15 (Lemma 6.19, [22]). Suppose that RΘ ≤ D0 × ...×Dn−1 is subdirect, Di is a PC algebra
without non-trivial binary absorbing and central subuniverses for every i ∈ {1, ..., n − 1}, and D0 has
no non-trivial central subuniverse. Then V 1 proves that RΘ can be represented as a conjunction of
binary relations δ1(xi1 , xj1), ..., δs(xis , xjs

), where for every l ≤ s the first variable of δl is uniquely
determined whenever il ̸= 1 and the second variable of δl is uniquely determined whenever jl ̸= 1.
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Lemma 16 (Lemma 6.21, [22]). Suppose that RΘ is a subdirect relation on D0 × ...×Dn−1, Ei is a
PC subuniverse of Di for all i and E = pr0((E0 × ...×En−1) ∩ RΘ). Then V 1 proves that E0 is a PC
subuniverse of D0.

Proof. We consider RΘ to be a solution set to some CSP instance Θ on n domains such that for all
i, j < n there is a constraint EX (i, j), but for some of them EijÄ are full relations. By Lemma 6 (or
by Definition 32) each Ei is a block of congruence δi such that there are PC congruences σi0 , ..., σik−1

with k ≤ log2l and
Di/δi ∼= Di/σi0 × ...×Di/σik−1 .

Then we can consider the factorized instance ΘPC , constructed as follows. The instance digraph XPC =
X does not change. For a target digraph ÄPC , the domain set is DPC = {D0, D1/δ1, ..., Dn−1/δn−1},
i.e., we factorize every domain except the first one (or equivalently factorize it by ∆0). Constraint
relations are defined by a set EÄP C

such that

∀0 < i, j < n, EijÄP C
(a, b) ⇐⇒ Di/δi(a) ∧Dj/δj(b)∧

(∃c, d < l, δi(a, c) ∧ δj(b, d) ∧ EijÄ (c, d)),
∀i < n, E1i

ÄP C
(a, b) ⇐⇒ D0(a) ∧Di/δi(b) ∧ (∃c < l, δi(b, c) ∧ E1i

Ä (a, c)),
∀i < n, Ei1ÄP C

(a, b) ⇐⇒ D0(a) ∧Di/δi(b) ∧ (∃c < l, δi(b, c) ∧ Ei1Ä (c, a)).

(163)

Then there is a canonical homomorphism Hc ≤ ⟨⟨l, n⟩, ⟨l, n⟩⟩ from the target digraph Ä to the target
digraph ÄPC such that for any homomorphism H from X to Ä, the map HPC defined as

HPC(i) = ⟨i, a⟩ ⇐⇒ ∃b < l, (H(i) = ⟨i, b⟩ ∧Hc(⟨i, b⟩) = ⟨i, a⟩),

is a homomorphism from X to ÄPC . It is easy to see that pr0((E0 × E1 × ... × En−1) ∩ RΘ) =
pr0((E0 × e1 × ... × en−1) ∩ RΘP C

) where for each 0 < i < n, ei is the representative of the class Ei
and that RΘP C

is subdirect.
For any 0 < i < n, we can find Mi ∈ MDi,δiσi0 ,...,σik−1

such that

ISOalg(Di/δi,Ω/δi, Di/σi0 × ...×Di/σik−1 ,Ω/ ∩j σij ,Mi).

Let us combine all of these maps into one set M . For every i such that Mi ∈ MDi,δiσi0
, ..., σik−1

for
k < s = log2l we add to the end s − k trivial algebras Dik , ..., Dis−1 (containing one element 0), set
σik , ..., σis−1 to be trivial congruences and extend Mi to the s+1 -ary set. Then for all a0, ..., as−1 < l,

∀0 < i < n, ∀a ∈ Di/δi, M(a) = (a0, ..., as−1) ⇐⇒ Mi(a) = (a0, ..., as−1)
i = 0, ∀a ∈ D0, M(a) = (a, 0, ..., 0).

(164)

Consider a CSP instance Θ′
PC on ns variables, with domain set

D′
PC = {D0, 0, ..., 0, D1/σ10 , ..., D1/σ1s−1 , ..., Dn−1/σn−10 , ..., Dn−1/σn−1s−1}

such that H ′
PC ∈ RΘ′

P C
if and only if HPC ∈ RΘP C

where H ′
PC is a map from [ns] to [D′

PC ] defined
from a homomorphism HPC as follows:

i = 0, H ′
PC(0) = ⟨0, a⟩ ⇐⇒ HPC(0) = ⟨0, a⟩,
∀0 < i < s, H ′

PC(i) = ⟨i, 0⟩,
∀0 < j < n,∀k < s, ∀a ∈ Dj/σjk

, H ′
PC(js+ k) = ⟨js+ k, a⟩ ⇐⇒

⇐⇒ ∃b ∈ Dj/δj ,∃b0 ∈ Dj/σj0 , ...,∃bk−1 ∈ Dj/σjk−1 ,

∃bk+1 ∈ Dj/σjk+1 , ...,∃bs−1 ∈ Dj/σjs−1 ,

HPC(j) = ⟨j, b⟩ ∧M(b) = (b0, ..., bk−1, a, bk+1, ..., bs−1)

(165)
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Strictly speaking, the instance Θ′ is not an instance over language ΓA, but we still can define every
2s-ary relation RijÄ′

P C

,

RijÄ′
P C

(a0, ..., as−1, b0, ..., bs−1) ⇐⇒ ∃a ∈ D/δi∃b ∈ Dj/δj , E
ij

ÄP C
(a, b)∧

∧M(a) = (a0, ..., as−1) ∧M(b) = (b0, ..., bs−1).
(166)

Moreover, we can apply to RijÄ′
P C

a similar reasoning as in Lemma 14. The solution set RΘ′
P C

is
subdirect since RΘP C

is subdirect. Since every Dj/σjk
is a PC algebra, it follows that by Lemma

15, RΘ′
P C

can be represented as a conjunction of binary relations δ1(xi1 , xj1), ..., δs(xis , xjs
), where for

every l ≤ s the first variable of δl is uniquely-determined whenever il ̸= 1 and the second variable of δl
is uniquely-determined whenever jl ̸= 1. Thus, for all 0 < j < n, k < s, for every a ∈ D0 there exists a
unique b ∈ Dj/δjk

such that E1(js+k)
Ä′

P C

(a, b) (and analogously for the relation E(js+k)1
Ä′

P C

). It follows that
any such relation divides D0 into |Dj/δjk

| classes, and we can check that this is a PC congruence on
D0. Thus, pr0((E0 × e1 × ...× en−1) ∩ RΘP C

) can be represented as an intersection of blocks of ns PC
congruences (some of them can be trivial).

4.1.4 Properties of a linear subuniverse on An

It is known that the ability to simulate an affine CSP (or historically the ability to count) adds
substantial complexity to the problem. Structures that cannot count are all tractable and can even be
solved by a simple constraint propagation algorithm.

Notation 5. For linear algebras, we shall adhere to the following notation. We will continue to
denote elements of different domains Di, Dj by ai, aj. If we consider several elements of the same
domain, we add an index after the index of the domain, for example, ai1, ..., aim. To represent an
element aij as an element of the product of k ≤ log2l prime fields Zp0 , ..., Zpk−1 , we add the superscript
ākij = (a0

ij , ..., a
k−1
ij ).

The proof complexity of linear algebra (in the sense of a branch of mathematics) was well studied
in [18], or in [19]. In particular, Gaussian elimination was considered and was shown to be formalizable
in theory V 1. The detailed proof of the following lemma can be found, for example, in [8]. We show
how to formalize it in V 1.

Lemma 17 (Lemma 7.20, [21]). Suppose that the relation RΘ ≤ (Zp1)n1 × ...× (Zpk
)nk is preserved by

x1 + ...+ xm, where p1, ..., pk are distinct prime numbers dividing m− 1 and Zpi
= (Zpi

, x1 + ...+ xm)
for every i. Then V 1 proves that RΘ = L1 × ...× Lk, where each Li is an affine subspace of (Zpi

)ni .

Proof. Consider any CSP instance Θ on n variables such that eachDi is a linear algebra, i.e. LinA(Di,Ω).
That is, for every i < n there are some k ≤ log2l, primes p0, ..., pk−1 < l, and an isomorphism
Mi ∈ MA,∆i,p0,...,pk−1 from (Di,Ω) to (Zp0 × ...× Zpk−1 , ā

k
i1 + ...+ ākim) such that

Mi(aij) = ākij = (a0
ij , ..., a

k−1
ij ).

As for the PC subuniverses, to unify all Mi, for every k < s = log2l, we add s − k trivial algebras
Zpk

, ...,Zps−1 , representing their elements as 0’s. Thus, Mi(aij) = āsij . Then we can construct M . For
all a0

i , ..., a
s−1
i < l,

∀0 < i < n, ∀ai ∈ Di, M(ai) = (a0
i , ..., a

s−1
i ) ⇐⇒ Mi(ai) = (a0

i , ..., a
s−1
i ). (167)

We consider CSP instance ΘL on ns domains such that every solution to Θ, translated naturally
(analogously to (165)) is a solution to ΘL and vice versa. Again, it is not a CSP instance over
language ΓA, but all 2s-ary relations RijÄL

can be easily defined; see (166). The most important thing
is that these relations are preserved by m-ary sum.
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For this proof, we do not need to collect equal Zpj
from different domains to a group. We define a

vector space on Zp0 × ...×Zpns−1 as any subset of maps from [ns] to [DL] = [Zp0 , ..., Zpns−1 ] such that
it contains ’zero map’ H sending all i < ns to 0, and is closed under +, i.e. for any two maps H1, H2,
the map H3 = H1 +H2 such that

(H1 +H2)(i) = H3(i) = ⟨i, a⟩ ⇐⇒ ∃b, c ∈ Di,

H1(i) = ⟨i, b⟩ ∧H2(i) = ⟨i, c⟩ ∧ a = b+ c,
(168)

is also in that set. We define an affine subspace RΘL
of Zp0 × ... × Zpns−1 as a shift of some linear

subspace, i.e. such a set that for any map H ∈ RΘL
, the set of all maps H ′ such that H ′ +H ∈ RΘL

contains zero map and is closed under +. Note that when we are talking about solution sets, it is a
second-order definition:

AffSubS(RΘL
) ⇐⇒ ∀H ≤ ⟨n⟨n, l⟩⟩,∀H1, H2 ≤ ⟨n⟨n, l⟩⟩, HOM¨ (X , Ä, H)∧

∧HOM¨ (X , Ä, H +H1) ∧HOM¨ (X , Ä, H +H2) →
→ HOM¨ (X , Ä, H + (H1 +H2)).

(169)

Then it is easy to show that the solution to ΘL is an affine subspace defining x − y + z(mod pj) =
Ω(x, z, y, ..., y).

To prove some auxiliary lemmas and theorems, in addition to Definition 33, we need to define a
linear algebra on a product D0 × ... × Dn−1 of algebras of size at most |A|. We could define a linear
algebra RΘ on n domains, each of which is isomorphic to a product of k ≤ log2l prime fields, as a
solution set to some CSP instance Θ or as a set of maps closed under x1 + ... + xm. This defining
relation is second-sorted and it would give us that V 1 proves that the set of linear algebras is closed
under taking subalgebras. The problem here is that the resulting direct product isomorphic to relation
RΘ will not be related to the initial CSP instance Θ, it is considered exclusively as an algebra. We
know that any relation preserved by x1 + ...+ xm can be represented as a system of linear equations
over at most ns variables, where s = log2l, and this system can be solved by Gaussian elimination.
Different domains Zpi

cannot be mixed in one subsystem of equations, but variables over the same
Zpi

representing different xi, xj can. For example, suppose that domains Di, Dj are both isomorphic
to Z3, and that the solution to CSP instance Θ for these two variables contains the affine subspace
(coset) {(1, 1), (2, 0), (0, 2)}. This is isomorphic to (Z3,Ω), but we lose a domain. The same would
happen while taking the quotient and in the proofs of some results about linear algebras on n domains,
we need the closeness of a set of linear algebras under taking quotients, especially extended ones. So
we cannot avoid an isomorphism between third-order objects. Recall that we allow trivial algebras Z1
and that solution set to any CSP instance Θnull on n domains is a full relation.

Definition 37 (Linear algebra on a product of algebras of size at most l). For an algebra (R,F)
defined on a set of maps from [k] to [D′

0, ..., D
′
k−1], where k ≤ n, we say that R is a linear algebra

on n domains if there exists a set of n domains D and the set of n m-ary operations F on these
domains such that every algebra (Di, Fi) is linear and there is an isomorphism from (R,F) to an
algebra (D0 × ...× Dn−1,FF0,...,Fn−1), where D0 × ...× Dn−1 and FF0,...,Fn−1 are defined as in (31)-(32):

LinA(R,F) ⇐⇒ ∃D ≤ ⟨n, l⟩,∃F ≤ ⟨n, l, l, ..., l⏞ ⏟⏟ ⏞
m times

⟩,∀i < n, LinA(Di, Fi)∧

∧ISO3,3
alg(R,F,D0 × ...× Dn−1,FF0,...,Fn−1).

(170)

Note that the defining relation is third-order because of the relation ISO3,3
alg. In an obvious way, we

can define a linear and a minimal linear congruence Cθ for any algebra on n domains (R,F).

From Lemma 17, Definition 33, and Definition 37, we conclude the following corollary.
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Corollary 6. V 1 proves that the set of linear algebras is closed under taking subalgebras and quotients.
W 1

1 proves that the set of linear algebras on a product of algebras of size at most |A| is closed under
taking subalgebras and quotients.

In the presence of the third-order definition of linear algebra on n domains, the following lemmas
can be proved almost exactly as in [21].

Lemma 18 (Lemma 7.21, [21]). W 1
1 proves that a linear algebra has no non-trivial absorbing subuni-

verse, non-trivial central subuniverse, or non-trivial PC subuniverse.

Lemma 19 (Lemma 7.24.1, [21]). Suppose that RΘ ≤ D0×...×Dn−1 is a relation such that pr0(RΘ) =
D0, there are no non-trivial binary absorbing subuniverses on D0, and L = pr0((L1 × ...×Ln−1)∩ RΘ)
where Li is a linear subuniverse of Di for every i < n. Then W 1

1 proves that L is a linear subuniverse
of D0.

The following lemma can be proved similarly to Lemma 13.

Lemma 20 (Lemma 7.25, [21]). Suppose RΘ is a subdirect relation on D0 × ... × Dn−1 and Li is a
linear subuniverse of Di for every i. Then W 1

1 proves that (L0 × ...×Ln−1)∩RΘ is a linear subuniverse
of RΘ.

4.1.5 Common properties and Interaction between subuniverses

The common property for subuniverses C0, ..., Cn−1 of a fixed type (any but linear) is that there
does not exist (C0, ..., Cn−1)-essential relation R of any arity greater than 2. For PC subuniverses we
additionally require the relation to be subdirect.

Lemma 21 (Lemma 7.27, [21]). Suppose Ci is a non-trivial binary absorbing subuniverse of Di with a
term T for all i ∈ {0, 1, 2, ..., n} and n > 1. Then V 0 proves that there does not exist a (C0, ..., Cn−1)-
essential solution set RΘ ≤ D0 × ...×Dn−1.

Proof. Suppose that such solution set RΘ to some CSP instance over ΓA exists. Consider two solutions,
H1 ∈ (D0 ×C1 × ...×Cn−1) ∩ RΘ and H2 ∈ (C0 ×C1 × ...×Dn−1) ∩ RΘ. Then usepol2(T,H1, H2) is
a new solution to Θ and it is in C0 × ...× Cn−1.

Lemma 22 (Lemma 6.11, [22]). Suppose Ci is a central subuniverse of Di for all i ∈ {0, 1, 2, ..., n}
and n > 2. Then V 1 proves that there does not exist a (C0, ..., Cn−1)-essential solution set RΘ ≤
D0 × ...×Dn−1.

Lemma 23 (Corollary 7.13.3, [21]). Suppose Ci is a PC subuniverse of Di for all i ∈ {0, 1, 2, ..., n}
and n > 2. Then V 1 proves that there does not exist a (C0, ..., Cn−1)-essential subdirect solution set
RΘ ≤ D0 × ...×Dn−1.

For our purposes, the last two lemmas can be proved by an exhaustive search. For any subuniverses
D0, D1, D2 of the fixed algebra A = (A,Ω), for any of their central /PC subuniverses C0, C1, C2 and for
any subalgebras R of D0 ×D1 ×D2 check that R is not (C0, C1, C2)-essential or (C0, C1, C2)-essential
and subdirect. For a relation R ≤ D0 ×...×Dn−1 of higher arity note that from (C0, ..., Cn−1)-essential
relation we can get (C0, C1, C2)-essential relation R′ by setting

R′ = pr1,2,3(R ∩D0 ×D1 ×D2 × C3 × ...× Cn−1).

In the case of the solution set RΘ to the instance Θ, we consider those homomorphisms that send
variables x3, ..., xn−1 to sets C3, ..., Cn−1. The definition of R′

Θ requires Σ1,b
1 -COMP, this gives us

theory V 1.
The following three lemmas about the interaction of subuniverses of different types are formulated

for an arbitrary algebra D, i.e. for example, they can be used for D = D0 × ... × Dn−1 and its
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subuniverses R1 and R2. For these cases, we can think about D as of a domain set, and about B1
and B2 as of reductions D(i)

0 × ... × D
(i)
n−1 or solution sets RΘ. Sometimes we consider D = RΘ ≤

D0 × ...×Dn−1 and B1 = RΘ ∩D(⊥)
0 × ...×D

(⊥)
n−1, B2 = RΘ ∩D(⊤)

0 × ...×D
(⊤)
n−1, where D(⊥), D(⊤) are

reductions of some (different) types. The proof of these lemmas is based on simple universal algebra
reasoning, and in the presence of all third-order objects, their formalization in W 1

1 does not differ much
from [21], [22].

Lemma 24 (Lemma 7.28, [21], Lemma 6.25). Suppose B1 is a binary absorbing, central, or linear
subuniverse of D, B2 is a subuniverse of D. Then W 1

1 proves that B1 ∩ B2 is a binary absorbing,
central, or linear subuniverse of B2, respectively.

Lemma 25 (Lemma 7.29, [21]). Suppose B1 and B2 are non-empty one-of-four subuniverses of D,
B1 ∩B2 = ∅. Then W 1

1 proves that B1 and B2 are subuniverses of the same type.

Lemma 26 (Theorem 7.30, [21]). Suppose B1 and B2 are one-of-four subuniverses of D of types T1
and T2. Then W 1

1 proves that B1 ∩B2 is a one-of-four subuniverse of B2 of type T1.

The following lemma is proved by induction and is used for third-order objects, namely for reduc-
tions in strategies.

Lemma 27 (Lemma 7.31, [21]). Suppose A0 = B0, s ≥ 1, t ≥ 0, Ai is a one-of-four subuniverse of
Ai−1 for every i ∈ {1, ..., s}, and Bi is a one-of-four subuniverse of Bi−1 for every i ∈ {1, ..., t}. Then
W 1

1 proves that As ∩ Bt is a one-of-four subuniverse of As−1 ∩ Bt of the same type as As.

Proof. The proof of the claim goes by induction on s + t. If t = 0, then the claim follows from the
statement. If t ≤ 1, then by the inductive assumption, As−1 ∩ Bt and As ∩ Bt−1 are both one-of-four
subuniverses of As−1 ∩ Bt−1, and the second one is of type T . Then by Theorem 26 their intersection
As ∩ Bt is a one-of-four subuniverses of As−1 ∩ Bt of type T .

We will formalize the proof for the specific case that we further need in the proofs of auxiliary
lemmas about strategies. Suppose that A0 = B0 = RΘ ≤ D0 × ... × Dn−1 for some CSP instance Θ
with domain set D, where RΘ is its solution set, and for each i ∈ {1, ..., s},

Ai = RΘ ∩D
(i)
0 × ...×D

(i)
n−1

where D = D(0), D(1), ..., D(s) is some strategy for Θ, and analogously, for each i ∈ {1, ..., t},

Bi = RΘ ∩D
(i)′

0 × ...×D
(i)′

n−1

for some (other) strategy D = D(0)′
, D(1)′

, ..., D(t)′ for Θ. Recall that we can formalize any strategy
by one set ΘStr < ⟨nl, instsize(n, l)⟩. By Corollaries 2, 5 and Lemmas 13, 20 we know that W 1

1 proves
that Ai is a one-of-four subuniverse of Ai−1 and Bi is a one-of-four subuniverse of Bi−1. Since in any
step we reduce at least one domain, the number of steps t, s cannot be greater than nl and t+s < 2nl.
This induction is available in W 1

1 : the formula itself is Σ1,b
0 , but in the proof of the induction step we

use the results proved in W 1
1 .

Lemma 28 (Lemma 7.32, [21]). Suppose RΘ ⊆ A0 × B0 is a subdirect relation, Bi is a one-of-four
subuniverse of Bi−1 for every i ∈ {1, 2, ..., s}, A1 is a one-of-four subuniverse of A0. Then W 1

1 proves
that pr1(RΘ ∩ (A1 × Bs)) is a one-of-four subuniverse of pr1(RΘ ∩ (A1 × Bs−1)) of the same type as
Bs.

Proof. The statement of this lemma will eventually be used in the proof of Lemma 8.28 [21], which is
used further for constraints and subconstraints in proofs of Theorem 19 and Theorem 20. So we will
formalize the proof of the lemma for one specific case of Lemma 8.28 [21]. Consider some subdirect
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solution set RΘ ≤ D0 × ... × Dn−1 (for constraints and projections the reasoning is similar). Let
D = D(0), D(1), ..., D(s) be some strategy for Θ, and set for i = 0, 1

Ai = pr0,1,...t−1(D(i)
0 × ...×D

(i)
t−1 ×Dt × ...×Dn−1),

and for i = 0, ..., t
Bi = prt,t+1,...n−1(D0 × ...×Dt−1 ×D

(i)
t × ...×D

(i)
n−1).

Then by Corollaries 2, 5 and Lemmas 13, 20, W 1
1 proves that RΘ∩(A0×Bi) is a one-of-four subuniverse

of RΘ ∩ (A0 × Bi−1) of the same type as Bi, and RΘ ∩ (A1 × B0) is a one-of-four subuniverse of RΘ.
By Lemma 28, RΘ ∩ (A1 × Bs) is a one-of-four subuniverse of RΘ ∩ (A1 × Bs−1) of the same type as
Bs. Consider a congruence Cσ on RΘ ∩ (A1 × B0) such that two elements are equivalent whenever
their projections on the second coordinate are equal,

Cσ(H1, H2) ⇐⇒ ∀t ≤ i < n, H1(i) = H2(i).

Note that this is Σ1,b
0 definition. Then for every coordinate i = 0, 1, Stable1(RΘ ∩ (A1 × Bt), Cσ),

which means that if RΘ ∩ (A1 × Bt) contains one element of the block of Cσ, then it contains the
entire block. We now need Lemma 7.26 from [21], which is used just once in this proof. Therefore, we
will formalize it only for this specific case as a claim.

Claim 5. Suppose Cσ is a congruence on RΘ ∩(A1 ×B0), RΘ ∩(A1 ×Bt) is a one-of-four subuniverse
of RΘ∩(A1×B0) stable under Cσ. Then W 1

1 proves that {H/Cσ|H ∈ RΘ∩(A1×Bt)} is a one-of-four
subuniverse of RΘ ∩ (A1 × B0)/Cσ of the same type as RΘ ∩ (A1 × Bt).

The proof of the claim is as in [21]. The statement follows immediately from the claim.

4.1.6 Some technical lemmas

In the following two lemmas, Θ(z) is the set of all a ∈ Dz such that there is a solution to Θ with z = a.
Analogously, Θ(1)(z) is the set of all a ∈ D

(1)
z such that there is a solution to Θ(1) with z = a.

Lemma 29 (Lemma 8.1, [21]). Suppose D(1) is a one-of-four reduction for an instance Θ of type T ,
which is not of the PC type. Then W 1

1 proves that Θ(1)(z) is a one-of-four subuniverse of Θ(z) of type
T for every variable z.

Proof. Consider a CSP instance Θ on n domains and its solution set RΘ. Since RΘ is preserved by
ω, Θ(i) is a subuniverse of Di for every i, and by the definition of reductions, D(1)

i is a subuniverse of
type T . Thus, by Lemma 24, Θ(i) ∩D(1)

i is a subuniverse of Θ(i) of type T for every i < n. Consider
the reduction Θ′ of Θ to the domain set [Θ(0), ...,Θ(n − 1)], RΘ′ is a subdirect relation. Then, by
Corollaries 3, 4 and Lemma 19, Θ(1)(z) is a one-of-four subuniverse of Θ(z) of type T .

Lemma 30 (Lemma 8.2, [21]). Suppose D(1) is a PC reduction for a 1-consistent instance Θ, for
every variable y appearing at least twice in Θ the pp-formula Θ(y) defines Dy and Θ(z) defines Dz for
a variable z. Then V 1 proves that Θ(1)(z) is a PC subuniverse of Dz.

Proof. For the proof, we first rename all variables in Θ so that every variable occurs just once. This
instance is denoted as Θ0. Then, step by step, we identify each two variables back to obtain the
original instance, by the sequence Θ0,Θ1, ...Θs = Θ. We show that these transformations can be held
in V 1.

Recall that we are allowed to have only one constraint relation for any two variables x, y (in that
order). That is, for the instance Θ with n variables, the number of possible constraints that involve
one variable is at most (2n−1) (and the number of all possible constraints is at most n2). First, define
the set of all variables that occur in Θ more than once:

∀x < n, S(x) ⇐⇒ ∃y ̸= z < n, (EX (x, y) ∨ EX (y, x)) ∧ (EX (x, z) ∨ EX (z, x)). (171)
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Note that if we have two edges of the form EX (x, y), EX (y, x), we need to rename one x to x′ and one
y to y′, and do it at different steps. To perform this, we further define two sets of variables for any
such x, Sin, Sout:

∀x, y < n, Sout(x, y) ⇐⇒ S(x) ∧ EX (x, y),
∀x, z < n, Sin(x, z) ⇐⇒ S(x) ∧ EX (z, x).

(172)

When we rename every occurrence of a variable x, we can get at most 2n new variables (there are at
most (2n − 1) constraints with x, and one of them could be a loop EX (x, x)). It works for every of
n variables, so the maximal number of steps is 2n2. We now set s = 2n2, Θs = Θ, Ss = S, Souts =
Sout, Sins = Sin, and then for any t = 1, ..., 2n2 we will define a new CSP instance Θs−t based on the
following rules. If the set Ss−(t−1) is empty (neither of the variables occurs at least twice) we just
replicate the instance Θs−(t−1). Otherwise, for odd t, we consider the set Sin(s−(t−1)) (and for even the
set Sout(s−(t−1))). If it is empty, replicate the instance and move on. If not, choose elements x, y such
that ⟨x, y⟩ is the minimum element of Sin(s−(t−1))(x, y). Rename a variable x in that constraint by the
next number after the maximum element in VXs−(t−1) . For this construction, for each odd step t we
consider additional sets L(s−(t−1)) and R(s−(t−1)), defined as follows:

L(s−(t−1))(x) ⇐⇒ ∃y < max(VXs−(t−1)) + 1, min(Sin(s−(t−1))) = ⟨x, y⟩,

R(s−(t−1))(y) ⇐⇒ ∃x < max(VXs−(t−1)) + 1, min(Sin(s−(t−1))) = ⟨x, y⟩.
(173)

Now we are ready to define an instance digraph for step t:

∀x < max(VXs−(t−1)) + 1, VXs−t(x) ⇐⇒ VXs−(t−1)(x),
VXs−t

(max(VXs−(t−1)) + 1)
∀x, y < max(VXs−(t−1)) + 1, EXs−t

(x, y) ⇐⇒ EXs−(t−1)(y, x)∧
∧(¬L(s−(t−1))(x) ∨ ¬R(s−(t−1))(y))

EXs−t(y,max(VXs−(t−1)) + 1) ⇐⇒ L(s−(t−1))(x) ∧R(s−(t−1))(y).

(174)

In parallel, we define a target digraph Äs−t by adding there a new domain Dmax(VXs−(t−1) ) +1 equal to
Dx for a new variablemax(VXs−(t−1))+1 and EyxÄ as a constraint for a new edge EXs−t

(y,max(VXs−(t−1))+
1). Eventually, we will get an instance Θ0. Since we consider all sets in a particular order and address
only sets from the previous step t− 1, all of them exist by Σ1,b

1 induction.
The proof of the statement then goes by induction on s, and the implication s → s+1 follows from

the reasoning that can be easily formalized in V 1. We refer the reader to the source [21].

For a relation R of arity n denote by UnPolR the set of all unary vector functions preserving the
relation R. For a solution set RΘ for some CSP instance Θ, due to (107)

Ψ ∈ UnPolRΘ ⇐⇒ V ecFun(RΘ,Ψ), (175)

which is a Π1,b
1 -formula. For every map H from [n] to [D0, ..., Dn−1], and every unary vector function

Ψ, we can define a map Ψ(H) using bit-definition:

Ψ(H)(⟨i, ⟨i, a⟩⟩) = HΨ(⟨i, ⟨i, a⟩⟩) ⇐⇒ ∃b ∈ Di, H(⟨i, ⟨i, b⟩⟩) ∧ Ψ(i, b, a). (176)

Lemma 31 (Lemma 8.12, [21]). Suppose a pp-formula Λ(x0, ..., xn−1) defines a relation RΛ, H ∈
Dx0 ×...×Dxn−1 , and R′ = {HΨ : Ψ ∈ UnPolRΛ}. Then W 1

1 proves that there exists Υ ∈ Covering(Λ)
such that Υ(x0, ..., xn−1) defines R′.

Proof. The idea of the universal algebra proof is the following. Consider any relation R on n variables.
Suppose that there are l elements in each domain, d0, ..., dl−1. Then the formula

S(xd0
0 , ..., x

dl−1
0 , ..., xd0

n−1, ..., x
dl−1
n−1 ) =

⋀︂
(b0,...,bn−1)∈R

R(xb0
0 , ..., x

bn−1
n−1 )

51



expresses that the vector-function preserves R (we think about xbi
i as about xi being sending to bi).

Then, if we consider any tuple α = (a0, ..., an−1), the projection of S to xa0
0 , ..., x

an−1
n−1 defines the

relation {f(α) : f ∈ UnPolR}.
We will consider Λ as a CSP instance on n variables, |VXΛ | = n (for projections the reasoning

is analogous). Suppose that for some a0, ..., an−1, for all i < n, H(i) = ⟨i, ai⟩. We need to de-
fine a new CSP instance Υ such that the projection of its solution set to some subset of vertices
is exactly R′. Consider a CSP instance Υnull on nl variables, where for i < n, a < l we think
about vertex il + a as about vertex i that was sent to ⟨i, a⟩ (or if we use labels, xi → a ∈ Di).
Then for every H ′ ∈ RΛ such that for i < n, bi < l, H ′(i) = ⟨i, bi⟩ we copy instance Λ to do-
mains Db0 , Dl+b1 , D2l+b2 , ..., D(n−1)l+bn−1 . Denote the resulting instance by Υ. It is clear that
Υ ∈ Covering(Λ). Then the projection R

a0,l+a1,...,(n−1)l+an−1
Υ defines R′.

The algorithm of the construction is clear, but to perform it we need the number of steps that is
bounded only by ln (the number of possible homomorphisms from [n] to [D0, ..., Dn−1]). Since every
homomorphism H is expressed by a string of length ⟨n, ⟨n, l⟩⟩ < n4, we encode the number of steps by
strings ∅ < T < n4 of length up to n4, run the algorithm (if T represents some homomorphism to the
instance Λ, copy Λ to corresponding domains), and then use ΣB

1 -induction to show that such instance
exists.

Corollary 7 (Corollary 8.12.1, [21]). Suppose a pp-formula Λ(x0, ..., xn−1) defines a relation RΛ
without a tuple H ∈ Dx0 × ... × Dxn−1 , Σ is the set of all relations defined by Υ(x0, ..., xn−1) where
Υ ∈ Covering(Λ), and RΛ is an inclusion-maximal relation in Σ without the tuple H. Then W 1

1
proves that H is a key tuple for RΛ.

Proof. Consider Λ as a CSP instance on n variables, let S be any map from [n] to [D0, ..., Dn−1] that
is not in RΛ. Then by Lemma 31 the set of maps R′ = {SΨ : Ψ ∈ UnPolRΛ} is a projection of the
solution set to some Υ ∈ Covering(Λ). Since Ψ can be constant mapping to a homomorphism of Λ
and identity mapping, RΛ ⊊ R′, and since RΛ is inclusion-maximal, H ∈ R′. By the definition, H is
a key tuple for RΛ.

Lemmas we consider next in this section are

1. either related exclusively to binary relations since we consider languages with at most binary
constraint relations,

2. or are used in the further proofs only for constant arity relations,

3. or related to constant arity relations and constant sizes over algebra A.

In the first and the second cases, they can be formalized and proved in V 1 exactly as they are proved
in [21]. In the third case, such properties must be listed in the A-Monster set. For these reasons, we
will mention a few examples, but for the proofs and the rest, we refer the reader to the source [21].

Lemma 32 (Lemma 7.19, [21]). Suppose R ⊆ D × B × B is a subdirect relation, D is a PC algebra
without a non-trivial binary absorbing or central subuniverse, and for every b ∈ B there exists a ∈ A
such that (a, b, b) ∈ R. Then V 1 proves that for every a ∈ A there exists b ∈ B such that (a, b, b) ∈ R.

The following two lemmas are formulated in [21] for t variables, but then they are only used for
relations on one and two variables, so instead of using induction on t we can consider just cases Θ(x0)
and Θ(x0, x1).

Lemma 33 (Lemma 8.3, [21]). Suppose D(1) is a minimal absorbing, central or linear reduction for
an instance Θ, and Θ(x0, x1) defines a full relation. Then V 1 proves that Θ(1)(x0, x1) defines a full
or empty relation.

Lemma 34 (Lemma 8.4, [21]). Suppose D(1) is a minimal PC reduction for a 1-consistent instance
Θ. For every variable y appearing at least twice in Θ the pp-formula Θ(y) defines Dy and Θ(x0, x1)
defines a full relation. Then V 1 proves that Θ(1)(x0, x1) defines a full or empty relation
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The next examples of technical lemmas are the following.

Lemma 35 (Lemma 8.10, [21]). Suppose R ≤ Di × Dj is a critical rectangular binary relation, and
R′ is a cover of R. Then V 1 proves that Con(R,i)

2 ⊊ Con
(R,i)
2 .

Lemma 36 (Theorem 8.15, [21]). Suppose R ≤ D4 is a strongly rich relation preserved by an
idempotent WNU. Then V 1 proves that there exists an abelian group (D,+) and bijective mappings
ϕ0, ϕ1, ϕ2, ϕ3 : D → D such that

R = {(x0, x1, x2, x3) : ϕ0(x0) + ϕ1(x1) + ϕ2(x2) + ϕ3(x3) = 0}.

Lemma 37 (Theorem 8.17, [21]). Suppose σ ⊆ D2 is a congruence, ρ is a bridge from σ to σ such
that ρ̃ is a full relation, pr1,2(ρ) = ω, ω is a minimal relation stable under σ such that σ ⊊ ω. Then
V 1 proves that there exists a prime number p and a relation ζ ⊆ D×D×Zp such that pr1,2ζ = ω and
(a1, a2, b) ∈ ζ implies that (a1, a2) ∈ σ ⇐⇒ (b = 0).

Lemma 38 (Lemma 8.18, [21]). Suppose that ρ ⊆ D4 is an optimal bridge from σ1 to σ2, and σ1 and
σ2 are different irreducible congruences. Then V 1 proves that σ2 ⊆ ρ̃.

Lemma 39 (Lemma 8.20, [21]). Suppose R ≤ Di × Dj is a subdirect rectangular relation and there
exists (bi, aj), (ai, bj) ∈ R such that (ai, aj) /∈ R. Then V 1 proves that there exists a bridge δ from
Con

(R,i)
2 to Con(R,j)

2 such that δ̃ = R.

These and some other lemmas imply the following result about CSP instances.

Lemma 40 (Lemma 8.22, [21]). Suppose Θ is a cycle-consistent connected instance. Then V 1 proves
that for any constraints C,C ′ with variables x, x′ there exists a bridge δ from Con(C,x) to Con(C′,x′)

such that δ̃ contains all pairs of elements linked in Θ. Moreover, if Con(C′′,x′′) ̸= Linked[x′′,x′′,Θ] for
some constraint C ′′ ∈ Θ and a variable x′′, then δ can be chosen so that δ̃ contains all pairs of elements
linked in Θ′, where Θ′ is obtained from Θ by replacing every constraint relation by its cover.

The next lemma is easily proved by the application of the definition of a crucial instance and
expanded covering. If we replace any constraint in a crucial instance Θ with all weaker constraints, we
get a solution. All relations in the expanded covering Θ′ are diagonal relations or weaker or equivalent
to the relations in Θ.

Lemma 41 (Lemma 8.24, [21]). Suppose ΘX = (X , Ä) is a crucial instance in D(1), ΘY = (Y, B̈) ∈
ExpCov(ΘX ) through the homomorphism H from Y to X , and ΘY has no solution in D(1). Then V 1

proves that for every constraint Exixj

Ä in ΘX there exists a constraint Eykyp

B̈ such that H(yk) = xi,
H(yp) = xj and Exixj

Ä = E
ykyp

B̈ .

Lemmas 41 and 40 imply Lemma 42.

Lemma 42 (Lemma 8.25, [21]). Suppose ΘX = (X , Ä) is a crucial instance in D(1), ΘY = (Y, B̈) ∈
ExpCov(ΘX ) has no solution in D(1), every constraint relation of ΘX is a critical rectangular relation,
and ΘY is connected. Then V 1 proves that ΘX is connected.

4.2 Formalization of the main theorems
4.2.1 The existence of the next reduction

Lemma 43 (Lemma 9.1, [21]). Suppose D(0), D(1), ..., D(s) is a strategy for a 1-consistent CSP instance
Θ, and D(⊥) is a reduction of Θ(s). Then V 1 proves that:

1. if there exists a 1-consistent reduction contained in D(⊥) and D(s+1) is maximal among such
reductions, then for every variable x of Θ there exists a tree-formula Υx ∈ Coverings(Θ) such
that Υ(⊥)

x (x) defines D(s+1)
x ;
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2. otherwise, there exists a tree-formula Υ ∈ Coverings(Θ) such that Υ(⊥) has no solutions.

Proof. The proof of this theorem is based on constraint propagation. At the beginning for every
variable x we consider an empty tree-formula Υx. Then Υ(⊥)

x defines the reduction D(⊥). Then the
recursive algorithm works as follows: if at some step the reduction defined by these tree-formulas is 1-
consistent, it stops. Otherwise, it considers any constraint C = R(x1, ..., xt) that breaks 1-consistency.
The current restrictions of variables x1, ..., xt in C imply stronger restriction of some variable xi, and
the algorithm changes the formula Υxi as follows:

Υxi =def C ∧ Υx1 ∧ ... ∧ Υxt .

To keep the formula Υxi
tree, any time the algorithm joins Υxj

and Υxk
it renames the variables

so that they do not have common variables. Finally, for each Υxj we consider the reduction of this
instance on the domain set D(⊥). Projection of the solution set to Υ(⊥)

xj on variable xj , Υ(⊥)
xj (xj) defines

D
(s+1)
xj . That will be a maximal 1-consistent reduction since it is defined by tree-formulas.

Let us formalize this algorithm. The formalization is based on a 1-consistency algorithm (see [2]).
Recall that any CSP instance can be converted in polynomial time to a 1-consistent one with the
same set of solutions. Moreover, any implementation of a 1-consistency algorithm derives the same
unary constraints. Thus, we can first define recursive sets of edges and vertices, based on which we
can construct our tree-formulas.

For the steps t = 0, t = 1 for any i, j < n we set

EijÄ,0(a, b) ⇐⇒ EijÄ (a, b),

EijÄ,1(a, b) ⇐⇒ a ∈ D
(⊥)
i ∧ b ∈ D

(⊥)
j ∧ EijÄ (a, b).

(177)

For any further step t > 1 we will propagate constraints recursively until we cannot change any
domain further (i.e. until the instance is 1-consistent) or some domain is empty. For any i, j < n we
set:

EijÄ,t(a, b) ⇐⇒
[︁
(∀p, r < n,∃e, f < l, EX (p, r) → EprÄ,t−1(e, f))∧

∧EijÄ,t−1(a, b) ∧ ∀q < n, EX (i, q) → ∃d ∈ D(⊥)
q , EiqÄ,t−1(a, d)∧

∧∀k < n, EX (k, i) → ∃c ∈ D
(⊥)
k , EkiÄ,t−1(c, a)∧

∧∀q < n, EX (j, q) → ∃d ∈ D(⊥)
q , EjqÄ,t−1(b, d)∧

∧∀k < n, EX (k, j) → ∃c ∈ D
(⊥)
k , EkjÄ,t−1(c, b)

]︁
∨

∨
[︁
(∃p, r < n,∀e, f < l, EX (p, r) ∧ ¬EprÄ,t−1(e, f)) ∧ EijÄ,t−1(a, b)

]︁
.

(178)

The expression in the first square brackets holds when neither of the relations at the previous step is
empty, and the expression in the second square brackets holds otherwise (it would mean that some
domain of the instance at this step is already empty). In both cases after some step t the relation set
EijÄ,t−1 stops changing. The maximal number of edges in a directed graph with loops on n vertices
is n2. Therefore, the maximal number of edges in the instance Θ is n2l2 and since at each step we
reduce some relation at least by one edge, it is enough to consider at most n2l2 steps. Moreover, since
we remove an edge if at least one of its endpoints a ∈ D

(⊥)
i violates 1-consistency (so within one step

we remove all edges in EijÄ,t−1 connected with a for all j < n), the actual number of steps is nl (the
number of elements). The existence of this set is ensured by Σ1,b

1 -induction: consider the formula

ϕ(t) = ∃EÄ < ⟨t, ⟨⟨n, l⟩, ⟨n, l⟩⟩⟩, ∀i, j < n, ∀a, b < l, EijÄ,1(a, b) ↔ (177)∧

∧∀1 < p < t, ∀i, j < n, ∀a, b < l, EijÄ,p(a, b) ↔ (178).
(179)
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Since (178) is a Σ1,b
0 -formula, to provide the implication ϕ(t) → ϕ(t + 1) we can use comprehension

axiom Σ1,b
0 -COMP.

Note that in (178) we do not need to track the domain’s changes separately (they are all recorded
in the relations EijÄ,t). We will proceed with recursive propagation of the domain set VÄ after this
procedure based on the resulting relation set. For any i < n, for steps t = 0, t = 1 we set

VÄ,0(i, a) ⇐⇒ Di(a),

VÄ,1(i, a) ⇐⇒ D
(⊥)
i (a),

(180)

and for all 1 < t < nl

VÄ,t(i, a) ⇐⇒ VÄ,
t−1(i, a) ∧ (∀j < n, EX (i, j) → (∃b < l, VÄ,

t−1(j, b)∧
∧EijÄ,t(a, b))) ∧ (∀k < n, EX (k, i) → (∃c < l, VÄ,t−1(k, c)∧

∧EkiÄ,t(c, a))).
(181)

Again, this set exists due to Σ1,b
1 -induction. Note that in (181) for the step t < nl we use EÄ,t−1 and

not EÄ,nl: we need recursive changing of the domains for further reconstruction of the tree-formulas
Υi. We also define a set Clisti that for any step 0 < t < nl collect elements that were deleted from
VÄ,t,i:

∀0 < t < nl,∀a < l, Clisti (t, a) ⇐⇒ VÄ,t−1(i, a) ∧ ¬VÄ,t(i, a). (182)
Further, we need to construct tree-instances Υi. We want them to be coverings, so for each i we

only need to define an instance graph Xi and remember parents for renamed variables. To do it, we
again use recursion. For each i < n, we start with an instance Υi,0 with a domain set D and with an
empty set of constraints. Then for further steps u we:

• either do nothing with instance Υi,u - if for any k < n and for some t constraints EikÄ,t and EkiÄ,t
that violate 1-consistency do not imply stronger restriction of a domain Di,

• or we need to consider a union of two CSP instances (that corresponds to the intersection of
their constraints) for every constraint EijÄ,t (or EjiÄ,

t
) restricting domain Di, namely

Υi,u := EijÄ ∧ Υi,u−1 ∧ Υj,u−1.

Note that while our next move depends on reduced by the step constraint EikÄ,t, to the instance Υi,u

we add original constraint EikÄ . After we add enough such constraints and previous instances, the
reduction of the resulted instance Υi,u to D(⊥) will give us the same projection to the coordinate Di

as it gives (181).
Also note that if two constraints at step t reduce domain Di by the same values, we do not need

to and we will not construct both intersections. Recall that when joining any two Υi,t−1,Υj,t−1 we
have to rename all variables to retain the instances tree. Since we have at most binary relations and
for any two variables there can be only two constraints containing them, namely EijÄ and EjiÄ , at the
first step of the recursion process, we can add to each Υi,1 at most 2n new vertices (if for every j < n
there are both EX (i, j) and EX (j, i)). Then for every new constraint restricting at step t, we can at
most double the number of variables of the largest instance of step (t− 1). Still, it will not make sense
after the first l intersections for every Υi since in this case we will get an empty domain set Di and
thus justify the case 2 of the theorem. Thus, even if we start with instances Υi,1 on 2n variables, after
l intersections we will not need more than 2l2n variables.

First, for every Υi,0, define VXi,0 as a set of length 2l2n that contains only one element i, and
EXi,0 as an empty set of length ⟨2l2n, 2l2n⟩. By VÄi,0 denote the set of length ⟨2l2n, l⟩, with only one
non-empty domain VÄi,0 = Di. By EÄi,0 denote an empty set of length ⟨⟨2l2n, l⟩, ⟨2l2n, l⟩⟩.
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Remark 8. Strictly speaking, we are not allowed to use empty sets of some length. But we can bypass
it by choosing a set, for example, for VXi,0 with two elements, i, and that we will never properly use
2l2n+ 1. Further, we also consider the number function max′(VXi,u) with the following value:

max′(VXi,u) = m ⇐⇒ m ̸= 2l2n+ 1 ∧ ∀u ∈ VXi,u, (u ̸= 2l2n+ 1 → u ≤ m). (183)

We construct Υ0,...,Υn−1 simultaneously. The entire construction takes 0 < u < 2n(nl) steps.
Each Υi,u consists of

• set VXi,u, representing the current number of vertices,

• set EXi,u, representing the current set of edges,

• set VÄi,u
, representing domains for current variables,

• set EÄi,u
, representing constraint relations for current variables,

• and set Cerasei,u that keeps track of elements that must be deleted from the domain Di during
each outer step t and erases them one by one if we need to change the instance Υi,u.

We consider these sets in the above order. The description of the algorithm is as follows. For every Υi,
within any step 1 < t < nl we run 2n internal steps. At the beginning of each new internal iteration,
for some 2nt step, we check the list Clisti,t+1 for elements that we will exclude from Di by adding new
constraints to the instance during this internal iteration. We write them down to Cerasei,2nt . For each
step u = 2nt + j we consider the constraint EijÄ,t+1 (for step 2nt + j + 1 we consider the opposite
constraint EjiÄ,t+1) and decide whether it kills any of the elements from Cerasei,2nt+j . For any a ∈ Cerasei,2nt+j

it happens when there exists at least one edge (a, b) ∈ EijÄ,t and no edges connected with a in EijÄ,t+1:

∃a ∈ Cerasei,2nt+j(∃b < l, EijÄ,t(a, b) ∧ ∀b < l, ¬EijÄ,t+1(a, b)). [formula (178)] (184)

If it is the case, we define our instance Υi,u+1 as follows: we first replicate instance Υi,u and then
add all vertices of Υj,u to part from max(VXi,u) + 1 as well as all edges of Υj,u, and add an edge
EXi,u+1(i,max(VXi,u) + 1 + j).

∀k < max′(VXi,u) + 1, VXi,u+1(k) ⇐⇒ VXi,u(k),
∀k1, k2 < max′(VXi,u) + 1, EXi,u+1(k1, k2) ⇐⇒ EXi,u(k1, k2),

∀max′(VXi,u) < k < 2l2n+ 1, VXi,u+1(max′(VXi,u) + 1 + k) ⇐⇒ VXj ,u(k),
∀max′(VXi,u) < k1, k2 < 2l2n+ 1,

EXi,u+1(max′(VXi,u) + 1 + k1,max
′(VXi,u) + 1 + k2) ⇐⇒ EXj ,u(k1, k2),

EXi,u+1(i,max′(VXi,u) + 1 + j).

(185)

In the same way, we define a target digraph Äi,u+1 by adding new domains for new variables (from
the list {D0, ..., Dn−1}) and EijÄ as a constraint for the new edge EXi,u+1(i, max(VXi,u) + 1 + j).

If this is not the case, we just replicate instance Υi,u to Υi,u+1. Finally, we either replicate the set
Cerasei,u or change it to Cerasei,u+1 as follows:

∀a < l, Cerasei,(2nt+j)+1(a) ⇐⇒ Cerasei,2nt+j(a) ∧ (∃b < l, EijÄ,t+1(a, b)). (186)

Thus, after we pass constraint EjiÄ,t+1 we leave in Cerasei,(2nt+j)+1 those elements that will be deleted in
VÄ,t+1 but because of another constraint that will lose all edges adjacent to them. We keep track of
already deleted elements for the outer step t not to intersect the instances with constraints that kill
the same set of vertices – because we want to stop after intersection l with an empty domain.
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At each step, sets VXi,u, VÄi,u
, EXi,u, EÄi,u

and Cerasei,u address themselves and each other in
previous steps. They also address different levels of the already defined set Clisti (t, a) based on VÄ,t

and EijÄ,t. The existence of them is given by Σ1,b
1 -induction. At some point, we stop with tree-instances

Υi, each of them defining D(s+1)
i on D(⊥).

The next three theorems follow from Lemma 43 and some previous results, formalized in W 1
1 .

Theorem 13 (Theorem 9.2, [21]). Suppose D(0), D(1), ..., D(s) is a strategy for a cycle-consistent CSP
instance Θ. Then W 1

1 proves that:

1. if D(s)
x has a non-trivial binary absorbing subuniverse B then there exists a 1-consistent absorbing

reduction D(s+1) of Θ(s) with D(s+1)
x ⊆ B;

2. if D(s)
x has a non-trivial central subuniverse C then there exists a 1-consistent central reduction

D(s+1) of Θ(s) with D(s+1)
x ⊆ B;

3. if D(s) has no non-trivial binary absorbing or central subuniverse for every y but there exists a
non-trivial PC subuniverse B in D

(s)
x for some x, then there exists a 1-consistent PC reduction

D(s+1) of Θ(s) with D(s+1)
x ⊆ B.

Theorem 14 (Theorem 9.3, [21]). Suppose that D(0), D(1), ..., D(s) is a strategy for a 1-consistent
CSP instance Θ, and D(⊥) is a non-linear 1-consistent reduction of Θ(s). Then W 1

1 proves that there
exists a 1-consistent minimal reduction D(s+1) of Θ(s) of the same type such that D(s+1)

i ⊆ D
(⊥)
i for

every variable i.

Theorem 15 (Theorem 9.4, [21]). Suppose D(⊥) is a 1-consistent PC reduction for a cycle-consistent
irreducible CSP instance Θ, Θ is not linked and not fragmented. Then W 1

1 proves that there exist a
reduction D(1) of Θ and a minimal strategy D(1), ..., D(s) for Θ(1) such that the solution set to Θ(1) is
subdirect, the reductions D(2), ..., D(s) are non-linear, D(s)

x ⊆ D
(⊥)
x for every variable x.

4.2.2 Main theorems proved by induction

In this section, we consider the main five theorems, proved simultaneously by induction on the size of
the domain set (to be defined further). We will not consider the formalization of their proofs, since it
is based on the formalization of previous results. However, some reasoning from the proofs is used for
the formalization of the theorems.
Remark 9. We will use the same notationD(s) for the reductions of the initial instance, its subinstances,
subconstraints, differences, unions, and both coverings and expanded coverings to avoid unnecessary
indices. These, of course, cannot be the same sets of domains, but once given D(s) for an instance ΘX
we can easily construct a similar reduction for any of these objects, denoted by ΘY , under the simple
rule

∀xi∀yj , Dxi
= Dyj

=⇒ D(s)
xi

= D(s)
yj
.

This is well-defined since we can additionally require in the reduction D(s) of instance ΘX that equal
domains be reduced to equal domains (see 66). In a minimal 1-consistent one-of-four reduction, every
D

(s)
xi must be minimal by inclusion.

Theorem 16 (Theorem 9.5, [21]). Suppose D(1) is a minimal 1-consistent one-of-four reduction of a
cycle-consistent irreducible CSP instance Θ, Λ(x0, ..., xn−1) is a subconstraint of Θ, the solution set to
Λ(1) is subdirect, Θ\Λ has a solution in D(1), and Θ has no solutions in D(1). Then W 1

1 proves that
there exist instances Υ1, ...,Υt ∈ Coverings(Λ) such that Φ = (Θ\Λ) ∪ Υ1 ∪ ... ∪ Υt has no solutions
in D(1), each Υi(x0, ..., xn−1) is a subconstraint of Φ, and Υ(1)

i (x0, ..., xn−1) defines a subdirect key
relation with the parallelogram property for every i.
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The formalization of the theorem will be based on its proof. Since Λ(x0, ..., xn−1) is a subconstraint
of Θ, it follows that Λ is a subinstance of Θ that involves variables x0, ..., xn−1, y0, ..., yk−1, and
Θ as an instance on variables x0, ..., xn−1, y0, ..., yk−1, z0, ..., zs−1 such that Θ\Λ involves variables
x0, ..., xn−1, z0, ..., zs−1. Υi(x0, ..., xn−1) here denotes all tuples (a0, ..., an−1) such that instance Υi

has a solution with x0 = a0,...,xn−1 = an−1. That is, it is a projection of the solution set to Υi onto
coordinates x0, ..., xn−1, which can be expressed by the formula

∃yi0...∃yimi−1Υi(x0, ..., xn−1, y
i
0, ..., y

i
mi−1).

Υ(1)
i (x0, ..., xn−1) thus expressed the projection of the solution set to the instance Υ(1)

i after the re-
duction D(1). We can denote this projection using a third-order object R

x0,...,xn−1

Υ(1)
i

. Note that when
we talk not about a solution set to an instance but about projection to the solution set, we add to the
formula an additional second-sorted existential quantifier, see (36).

Since both Λ and Θ\Λ have solutions in D(1), but Θ does not, it follows that Λ(1)(x0, ..., xn−1) and
Θ\Λ(1)(x0, ..., xn−1) define relations R

x0,...,xn−1
Λ(1) and R

x0,...,xn−1
Θ\Λ(1) that do not intersect. Every solution

to Λ(1) is a solution to any Υ(1) from Coverings(Λ). According to the proof of the theorem, for every
tuple Hi of the relation R

x0,...,xn−1
Θ\Λ(1) , we find an instance Υ(1)

i such that the relation R
x0,...,xn−1

Υ(1)
i

defined

by Υ(1)
i (x0, ..., xn−1) is an inclusion-maximal relation that contains R

x0,...,xn−1
Λ(1) and does not contain

Hi. Thus, Φ = (Θ\Λ) ∪ Υ1 ∪ ... ∪ Υt does not have solutions in D(1), but if we replace any Υi by a
weaker instance Υ that produces a greater relation R

x0,...,xn−1
Υ(1) , we get an instance with solution Hi.

That is, the number of coverings Υ1, ...,Υt is bounded by the number of tuples in R
x0,...,xn−1
Θ\Λ(1) , which is

bounded by ln/2 − |Rx0,...,xn−1
Λ(1) |. Note that we do not need to know the precise number of Υi to write

the formula; some of them can be repeated as many times as necessary. So, we stick to the bound
ln, since it can be conveniently rewritten as (2n)log2l. Then, following the reasoning of Lemma 31, we
can roughly bound the number of variables in each Υi by (n + k) + nl (we introduce a new variable
xai for all i ∈ {0, ..., n − 1} and a < l). Thus, every instance Υi can be bound by a unique number
bΛ = instsize((n+k)+nl, l). It follows that we can encode the set of all Υ0, ...,Υ(2n) log2l by one class
Y, where each Υi is encoded by a string X of length at most nv, with v = ⌈log2l⌉, Y(X,Υ). Then
row̃(X, Y, bΛ) = Υ, which we denote as Υ[X].

Due to the assumption, each Υi is a covering for Λ on some set of variables xi0, ..., xin−1, y
i
0, ..., y

i
mi−1

such that for all j < n, xij = xj . Therefore, there is a homomorphism H from XΥi
to XΛ that sends

xij to xj . Each Υi is a subconstraint of Φ, hence it has no common variables with Θ\Λ and any Υj

except for x0, ..., xn−1. Recall that for the union of instances we have the function uni well-defined
by Σ1,b

0 -formula, as well as the function dif for the difference. In the union of two instances, we add
all variables of the second instance after all variables of the first instance, shift their labels, and add
equality constraints between vertices with labels that were the same. The problem here is that when
we join Υi to (Θ\Λ) ∪ Υ1 ∪ ... ∪ Υi−1 we rename all the vertices and since the number of Υi can be
exponential, we have no space to represent Φ as a second-order object. We cannot represent Φ as a
third-sorted object either (with vertices labeled by strings) since the statement that there is no solution
to Φ in D(1) would be the ΠB

1 -formula. To avoid this problem, we will not define Φ, but define the
preconditions that lead to the situation where Φ does not have a solution in D(1). By Corollary 7 these
preconditions also lead to each R

x0,...,xn−1

Υ(1)
i

being a key relation (so we do not need to write it down

explicitly in the formula). We order all projections to x0, ..., xn−1 of solutions to an instance Θ\Λ(1) in
one class H, where each H is encoded by a string X of length at most nv, denoted H[X]. That H[X]
will correspond to Υ[X] in the sense that RΥ(1)

[X]
is an inclusion-maximal relation that does not contain

H[X]. This is reflected in square brackets in the formula.
The function redinst is definable by the Σ1,b

0 -formula and returns the reduction of an instance on
D(1). Thus,

Θ(1) = redinst(Θ, D(1))
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Θ\Λ(1) = redinst(Θ\Λ, D(1))

Υ(1)
i = redinst(Υi, D

(1)).

We also cannot use the relation subConstn(Φ,Υi, X) since we cannot define Φ and technically Υi is
not a subinstance of Φ. But we can explicitly write this condition for each Υi. In the 7th line of the
formula (187) we require that the first n variables in each Υi be labeled exactly by x0, ..., xn−1 (we are
talking about the existence), in the 8 − 9th lines we ensure that the common variables of any Υi and
Θ\Λ are only x0, ..., xn−1, and in the last two lines we require the same for each pair Υi,Υj .

The relation subD(Rx0,...,xn−1

Υ(1)
i

) is Σ1,b
1 , the relation ParlPr(Rx0,...,xn−1

Υ(1)
i

) remains Π1,b
2 . Relations

min1of4Red(D(1), D), 1C(Θ(1)) and subConstn(Θ,Λ, x0, ..., xn−1) are described by Σ1,b
0 formulas,

relations subDSSInst(Λ(1)), Cov(Υi,Λ) and HOM¨ (XΘ\Λ(1) , ÄΘ\Λ(1)) are Σ1,b
1 , relation ¬HOM¨ (XΘ(1) ,

ÄΘ(1)) becomes Π1,b
1 , and CCInst(Θ) and IRDInst(Θ) are Π1,b

2 -formulas (see [8]). This gives us the
ΣB

1 -formula.

T9.5(Θ, D(1),Λ, X) :=
(︁
CCInst(Θ) ∧ IRDInst(Θ) ∧min1of4Red(D(1), D)∧

∧1C(Θ(1)) ∧ subConst(Θ,Λ, X) ∧ subDSSInst(Λ(1))∧
∧HOM¨ (XΘ\Λ(1) , ÄΘ\Λ(1)) ∧ ¬HOM¨ (XΘ(1) , ÄΘ(1))

)︁
=⇒ ∃H∃Y∀X < nv,[︁

Cov(Υ[X],Λ) ∧H[X] ∈ R
x0,...,xn−1
Θ\Λ(1) ∧H[X] /∈ R

x0,...,xn−1

Υ(1)
[X]

∧ ∀Υ < bΛ

(Cov(Υ,Λ) ∧ R
x0,...,xn−1

Υ(1)
[X]

⊊ R
x0,...,xn−1
Υ(1) )) → H[X] ∈ R

x0,...,xn−1
Υ(1) )

]︁
∧

∧∀X < nv, subDSSInst(Rx0,...,xn−1

Υ(1)
[X]

) ∧ ParlPr(Rx0,...,xn−1

Υ(1)
[X]

)∧

∧∀X < nv,∀j < n, VXΥ[X]
(j, xj)∧

∧∀X < nv,∀r < (s+ n),∀g < bn+s,∀p < (n+ k) + nl,

VXΘ\Λ(r, g) ∧ VXΥ[X]
(p, g) → (g = x0 ∨ ... ∨ g = xn−1)∧

∧∀X < nv,∀X ′ < nv,∀r, p < (n+ k) + nl,∀g < b(n+k)+nl,

VXΥ[X]
(r, g) ∧ VXΥ[X′]

(p, g) → (g = x0 ∨ ... ∨ g = xn−1)∧

(187)

Theorem 17 (Theorem 9.6, [21]). Suppose D(1) is a minimal 1-consistent one-of-four reduction of
a cycle-consistent irreducible CSP instance Θ, Θ is crucial in D(1) and is not connected. Then W 1

1
proves that there exists an instance Θ′ ∈ ExpCov(Θ) that is crucial in D(1) and contains a linked
connected component whose solution set is not subdirect.

To formalize this theorem, we first have to formalize some additional notions used in its proof since
we need a bound on the instance Θ′. For every variable x of instance Θ, all constraints of which are
critical and rectangular, we assign the pair of sets ξΘ,x = (ΣΘ,1

Dx
,ΣΘ,2

Dx
) such that for all i < 2l2 and

a, b < l

ΣΘ,1
Dx

(i, a, b) ⇐⇒ ΣDx
(i, a, b) ∧

(︁
(∃y < n, ∀a′, b′ < l,

Con
(Θ,x)
2 (0, y, a′, b′) ↔ ΣDx

(i, a′, b′))∧

∧(∀z ̸= y < n, (EX (x, z) → Con
(EX (x,z),x)
2 ̸⊆ ΣDx,i∧

∧EX (z, x) → Con
(EX (z,x),x)
2 ̸⊆ ΣDx,i))

)︁
∨(︁

(∃y < n, ∀a′, b′ < l, Con
(Θ,x)
2 (y, 0, a′, b′) ↔ ΣDx

(i, a′, b′))∧

∧(∀z ̸= y < n, (EX (x, z) → Con
(EX (x,z),x)
2 ̸⊆ ΣDx,i∧

EX (z, x) → Con
(EX (z,x),x)
2 ̸⊆ ΣDx,i))

)︁
.

(188)
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and
ΣΘ,2

Dx
(i, a, b) ⇐⇒ ΣΘ,1

Dx
(i, a, b) ∧ ∀j < 2l

2

(j ̸= i ∧ ΣΘ,1
Dx,j

̸= ∅ → ¬Adj(ΣΘ,1
Dx,i

,ΣΘ,1
Dx,j

)).
(189)

Thus, ΣΘ,1
Dx

is the set of all minimal congruences among the set Con(Θ,x)
2 , and ΣΘ,2

Dx
is the set of all

minimal congruences among the congruences of Con(Θ,x)
2 that are not adjacent to any other congruence

from ΣΘ,1
Dx

. That is, both sets contain mutually non-inclusive congruences among Con(Θ,x)
2 (note that

a minimal congruence among Con
(Θ,x)
2 is not necessarily a minimal congruence on Dx). The lists

can be empty for some i. We call ξΘ,x a characteristic of x. Next, we define a partial order of such
characteristics. We further consider only sets of irreducible congruences. For two sets Σ and Σ′, define
the relations ≤ and < as follows:

Σ ≤ Σ′ ⇐⇒ ∀i < 2l
2
, (Σi ̸= ∅ → ∃j < 2l

2
, Σ′

j ⊆ Σi),
Σ < Σ′ ⇐⇒ Σ ≤ Σ′ ∧ ¬Σ′ ≤ Σ.

(190)

Relations Σ\Σ′ and Σ = Σ′ are defined in the usual way. Also, for any set of irreducible congruences
Σ′

Dx
define a function ↑ optset that returns the set of all congruences σ on Dx such that δ ⊆ σ for

some δ ∈ optset(Σ′
Dx

):

↑ optset(Σ′
Dx

)(i, a, b) ⇐⇒ ΣDx(i, a, b)∧

∧(∃j < 2l
2
, optset(Σ′

Dx,j) ̸= ∅ ∧ optset(Σ′
Dx,j) ⊆ ΣDx,i).

(191)

Finally, if (Σ1,Σ2) and (Σ′
1,Σ′

2) are two characteristics, then define a relation ≲ as

(Σ1,Σ2) ≲ (Σ′
1,Σ′

2) ⇐⇒ (Σ1 < Σ′
1) ∨ (Σ1 = Σ′

1 ∧ Σ2 ≤ Σ′
2)∨

∨(Σ1 = Σ′
1 ∧ ¬Σ2 ≤ Σ′

2 ∧ ¬Σ′
2 ≤ Σ2 ∧ Σ2\(↑ optset(Σ1)) < Σ′

2\(↑ optset(Σ1))).
(192)

That is, we say that (Σ1,Σ2) ≲ (Σ′
1,Σ′

2) if

1. either every congruence in Σ1 contains some congruence of Σ′
1 and these sets are not equal;

2. or Σ1 is equal to Σ′
1 and every congruence in Σ2 contains some congruence of Σ′

2;

3. or Σ1 is equal to Σ′
1, sets Σ2 and Σ′

2 are incomparable (there exists a congruence in Σ2 that does
not contain any congruence of Σ2 and vise versa) and every congruence in Σ2\(↑ optset(Σ1))
contains some congruence of Σ2\(↑ optset(Σ1)) and these sets are not equal.

When we decrease a characteristic of a variable, we can decrease the number of congruences in either of
sets Σ1,Σ2, Σ2\(↑ optset(Σ1)) or enlarge congruences. Since for an algebra A and all its subuniverses
we have at most 2l2 congruences, we can decrease a characteristic of a variable at most 2 · 2l2 times,
which is a constant.

We then define three transformations of an instance, giving an expanded covering of the original
instance. These transformations do not increase the characteristics of related variables. The first
transformation T1 makes an instance crucial in some reduction D(1): it replaces constraints by all
weaker constraints until the instance is crucial in D(1). The second transformation T2 splits a variable
x based on two congruences on Dx. Finally, the third transformation T3 makes some changes for a
connected component of an instance. Transformations T1, T2, T3 are not unique, but we do not need
them to be unique and therefore can formalize them as relations. Thus, for two instances Θ and Θ′

we say that Θ′ is a T1 transformation of Θ if

T1(Θ′,Θ) ⇐⇒ VX = VX ′ ∧ ∀i, j < n, EX ′(i, j) → EX (i, j) ∧ ∀i, j < n,

Weaker(EijÄ′ , E
ij

Ä ) ∧ CrucInst(Θ′, D(1)).
(193)
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For the second transformation T2, we choose a variable x, choose two congruences σ1, σ2 on Dx, and
define two subsets of constraints in Θ containing x, Λ1 = {C1

1 , C
2
1 , ..., C

k
1 } and Λ2 = {C1

2 , C
2
2 , ..., C

s
2}

such that Con(Ci
1,x)

2 = σ1 and Con
(Ci

2,x)
2 = σ2. Denote by Λ0 all constraints in Θ\Λ1 ∪ Λ2 containing

x. Then the instance Θ is transformed as follows. We choose two new variables x1, x2 and

1. rename x by x1 in all constraints from Λ0 and Λ1;

2. rename x by x2 in all constraints from Λ2;

3. add the constraints σ∗
1(x1, x2) and σ∗

2(x1, x2);

4. for every σ ∈ Con
(Λ0,x)
2 add the constraint σ(x1, x2).

Both x1, x2 are children for x. To formalize this transformation, we will use labels for variables. We
choose new labels x1 = max(VX ) + 1, x2 = max(VX ) + 2. To simplify the following formula, we
abbreviate by EX (x, y) both EX (x, y) and EX (y, x).

T2(Θ′,Θ, σ1, σ2, x) ⇐⇒ irCongm(σ1, Dx) ∧ irCongm(σ2, Dx)∧
∧ExpCov(Θ′,Θ) ∧ ∀t, s < bn, t ̸= x ∧ s ̸= x →

→ (EX ′(t, s) ↔ EX (t, s) ∧ EtsÄ′(a, b) ↔ EtsÄ (a, b))∧

∧(∀y < bn, EX (x, y) ∧ Con
(EX (x,y),x)
2 = σ2 → EX ′(x2, y)) ∧ (∀y < bn, EX (x, y)∧

∧(Con(EX (x,y),x)
2 = σ1 ∨ (Con(EX (x,y),x)

2 ̸= σ1 ∧ Con
(EX (x,y),x)
2 ̸= σ2)) →

→ EX ′(x1, y))∧
∧EX ′(x1, x2) ∧ ∀a, b < l, Ex1x2

A′ (a, b) ↔ σ∗
1(a, b) ∧ σ∗

2(a, b)∧

∧(∀y < bn, EX (x, y) ∧ (Con(EX (x,y),x)
2 ̸= σ1 ∧ Con

(EX (x,y),x)
2 ̸= σ2) →

→ Con
(EX (x,y),x)
2 (a, b)).

(194)

The second and third lines of the formula (194) reflect the fact that we do not change any constraint
not containing x. The last three lines add to the instance new constraints from items 3, 4 (recall that
we allowed one to have only one constraint relation for any two variables x1, x2 and instead of the set
of constraints consider its intersection).

Finally, the third transformation T3 uses as an argument a connected component Λ ⊆ Θ. By
MinVar(Λ,Θ) = {x1, ..., xs}, where s ≥ 1, we denote the set of all variables xi such that there exists
σ ∈ Con

(Λ,xi)
2 that is minimal among Con(Θ,xi)

2 . Then the new instance Θ′ is defined as follows. We
choose new variables x′

1, ..., x
′
s and

1. rename the variables x1, ..., xs by x′
1, ..., x

′
s in Θ\Λ;

2. add the covers of all constraints from Λ with x′
1, ..., x

′
s instead of x1, ..., xs;

3. for every j and every σ ∈ Con
(Θ\Λ,xj)
2 add the constraint σ∗(xj , x′

j);

4. for every j and σ ∈ Con
(Θ\Λ,xj)
2 such that Linked(a, b, xj , xj ,Λ) ⊈ σ, add the constraint

δj(xj , x′
j), where {δj} = optset(Con(Λ,xj)).

We call each xi a parent for x′
i. We can formalize the transformation T3 as a relation T3(Θ′,Θ,Λ)

in V 1 in the same way as the previous two, and we do not perform it here. The complexity of all
these formulas does not exceed Σ1,b

2 . All transformations T1, T2, T3 produce expanded coverings. The
important thing is that transformation T1 does not change the number of variables, transformation
T2 increases the number of variables by 1, and transformation T3 increases the number of variables by
s ≤ n.

61



In the proof of Theorem 17, we consider a sequence of instances Θ1,Θ2, ...,Θk,Θk+1... such that
every Θi+1 is produced from Θi either by composition of transformations T1T2, or by composition
T1T3. Due to some auxiliary lemmas in [21], the compositions T1T2 and T1T3 do not increase the
characteristic of any variable. The composition T1T2, splitting a variable x into x1 and x2, decreases
the number of minimal congruences between Con(Θ,x)

2 by one for both x1, x2. Since the number of all
congruences on A (and any of its subuniverse D) is bounded by 2l2 , the number of total new variables
that we can produce from x by applying T1T2 to it and all its children is bounded by 22l2

. The
composition T1T3 also decreases the characteristic of x by increasing all the congruences of x′, thus
the number of descendants in one chain is also bounded by 2l2 .

Let us call a variable x in instance Θ stable if all congruences in Con
(Θ,x)
2 are adjacent. Also, two

variables x1, x2 are friends if there is EX (x1, x2) or EX (x2, x1). Applying T1T3, we also decrease the
characteristics of all non-stable y’s in MinVar(Λi,Θi), and we can reuse every non-stable variable at
most 2l2 times. Thus, after at most 2l2 steps, every variable in instance Θi for some i is stable. A
stable variable y cannot be a friend with both a variable z′ and its parent z. Taking into account the
set of friends of y in Θj for j > i, we thus see that going from Θj to Θj+1 we can replace an old friend
of y with at most 2 new weaker friends and cannot add a new friend keeping its parent. Therefore,
after Θi with ni variables, at any step j > i any variable y will have at most (ni− 1)22l2

friends. Since
any instance in the sequence Θ1,Θ2, ...,Θk,Θk+1... is not fragmented, from some auxiliary axioms in
[21] it follows that there is an instance Θs for some s that satisfies all conditions posed on instance Θ′

in Theorem 17.
Taking into account all the above, we can conclude that the number of instances in a sequence

Θ1,Θ2, ...,Θs cannot exceed the exponential bound, and the size of any instance Θi has some bound
bΘ polynomial in n which we will not calculate precisely. The important thing is that we can formalize
the sequence by a third-order class Y, where each instance Θi for 1 ≤ i ≤ s is encoded by a string X
of length at most v, Y(X,Θ). We denote such an instance by Θ[X].

In the formula (195), redinst(Θ′, linkcomp(Θ′, Di, a)) is a composed function, where linkcomp is
expressed by the Σ1,b

1 -formula and returns the reduction of the domain set. The complexity of the
relations min1of4Red(D(1), D) and 1C(Θ(1)) is Σ1,b

0 . The complexity of the relations

¬subDSSInst(redinst(Θ′, linkcomp(Θ′, Di, a)))

and ¬Connected(Θ) is Π1,b
1 . CrucInst(Θ, D(1)) and CrucInst(Θ′, D(1)) are expressed by formu-

las from B(Σ1,b
1 ). The complexity of ExpCov(Θ′,Θ) is Σ1,b

1 . Finally, the complexity of relations
CCInst(Θ) and IRDInst(Θ) is Π1,b

2 . This gives us the ΣB
1 -formula.

T9.6(Θ, D(1)) :=
[︁
CCInst(Θ) ∧ IRDInst(Θ) ∧min1of4Red(D(1), D)∧

∧1C(Θ(1)) ∧ CrucInst(Θ, D(1)) ∧ ¬Connected(Θ)
]︁

=⇒ ∃Y,Θ[∅] = Θ∧
∀X < v,

[︁
Θ[S(X)] = Θ[X] ∨ (∃x < v,∃σ1 < ⟨l, l⟩,∃σ2 < ⟨l, l⟩,∃Θ < bΘ

(T2(Θ,Θ[X], σ1, σ2, x) ∧ T1(Θ[S(X)],Θ)))∨
∨(∃Λ < bΘ,∃Θ < bΘ(T3(Θ,Θ[X],Λ) ∧ T1(Θ[S(X)],Θ)))∧

∧ExpCov(Θ[S(X)],Θ[X]) ∧ CrucInst(Θ[S(X)], D
(1))

]︁
∧ ∀X < v, S(X) = v →

→ ∃a ∈ D0,¬subDSSInst(redinst(Θ[X], linkcomp(Θ[X], Di, a))).

(195)

Theorem 18 (Theorem 9.7, [21]). Suppose D(1) is a 1-consistent non-linear reduction of a cycle-
consistent irreducible instance Θ. If Θ has a solution, then W 1

1 proves that it has a solution in D(1).

The complexity of relations nonLNRed(D(1), D), 1C(Θ(1)), HOM¨ (X (1), Ä(1)
, H ′) andHOM¨ (X , Ä, H))

is Σ1,b
0 , and the complexity of relations CCInst(Θ) and IRDInst(Θ) is Π1,b

2 . This gives us the Σ1,b
2 -
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formula.

T9.7(Θ, D(1)) :=
(︁
CCInst(Θ) ∧ IRDInst(Θ)∧

∧nonLNRed(D(1), D) ∧ 1C(Θ(1))∧

∧∃H < ⟨n, ⟨n, l⟩⟩, HOM¨ (X , Ä, H)
)︁

=⇒ ∃H ′ < ⟨n, ⟨n, l⟩⟩, HOM¨ (X (1), Ä(1)
, H ′).

(196)

Theorem 19 (Theorem 9.8, [21]). Suppose D(0), ..., D(s) is a minimal strategy for a cycle-consistent
irreducible CSP instance Θ, and a constraint ρ(x0, ..., xn−1) of Θ is crucial in D(s). Then W 1

1 proves
that ρ is a critical relation with the parallelogram property.

Since we consider only binary constraints of an instance Θ, the relations Critical2(EijÄ ), ParlPr2(EijÄ ),
and minStrategy(Θ,ΘStr, s) are Σ1,b

0 , the relation CrucConst(EijÄ ,Θ, DStr
(s)) is a Boolean combina-

tion of formulas Σ1,b
1 and Π1,b

1 , and the relations CCInst(Θ), IRDInst(Θ) are Π1,b
2 . This gives us the

Σ1,b
2 -formula.

T9.8(Θ,ΘStr) :=
(︁
CCInst(Θ) ∧ IRDInst(Θ) ∧minStrategy(Θ,ΘStr, s)∧

∃i, j < n, EX (i, j) ∧ CrucConst(EijÄ ,Θ, DStr
(s))

)︁
=⇒

=⇒ Critical2(EijÄ ) ∧ ParlPr2(EijÄ ).
(197)

Theorem 20 (Theorem 9.9, [21]). Suppose D(0), ..., D(s) is a minimal strategy for a cycle-consistent
irreducible CSP instance Θ, Υ(x0, ..., xn−1) is a subconstraint if Θ, the solution set to Υ(s) is subdirect,
k ∈ {0, 2, ..., n− 2}, V ar(Υ) = {x0, ..., xn−1, u0, ..., ut−1},

Λ = Υy0,...,yk−1,v0,...,vt−1
x0,...,xk−1,u1,...,ut−1

∧ Υyk,...,yn−1,vt,...,v2t−1
xk,...,xn−1,u0,...,ut−1

∧ Υy0,...,yn−1,v2t,...,v3t−1
x0,...,xn−1,u0,...,ut−1

= Υ1 ∧ Υ2 ∧ Υ3

and Θ(s) has no solutions. Then W 1
1 proves that (Θ\Υ) ∪ Λ does not have solutions in D(s).

To get Υ1,Υ2 and Υ3 we use function substitutek, substituten−k and substituten that have Σ1,b
0

definition. After the substitution,

V ar(Υ1) = {y0, ..., yk−1, xk, ..., xn−1, v0, ..., vt−1},
V ar(Υ2) = {x0, ..., xk−1, yk, ..., yn−1, vt, ..., v2t−1},

and
V ar(Υ3) = {y0, ..., yk−1, yk, ..., yn−1, v2t, ..., v3t−1}.

The instance Λ here is just an intersection of all constraints of three new instances, i.e. the union Υ1 ∪
Υ2∪Υ3. The relations subConstn(Θ,Υ, x0, ..., xn−1) and minStrategy(Θ,ΘStr, s) are expressed by the
Σ1,b

0 -formulas, the relation subDSSInst(Υ(s)) is the Σ1,b
1 -formula. The relations ¬HOM¨ (XΘ(s) , ÄΘ(s))

and ¬HOM¨ (X(Θ\Υ)∪Λ(s) , Ä(Θ\Υ)∪Λ(s)) are Π1,b
1 . Finally, the relations CCInst(Θ) and IRDInst(Θ)

are Π1,b
2 . This gives us the Σ1,b

2 -formula:

T9.9(Θ,ΘStr,Υ, X) :=
(︁
CCInst(Θ) ∧ IRDInst(Θ) ∧minStrategy(Θ,ΘStr, s)∧

∧∀i < n, VXΥ(i, xi) ∧ ∀i < t, VXΥ(n+ i, ui) ∧ subConst(Θ,Υ, X)∧
∧subDSSInst(Υ(s)) ∧ ¬HOM¨ (XΘ(s) , ÄΘ(s))

)︁
=⇒

=⇒ ¬HOM¨ (X(Θ\Υ)∪Λ(s) , Ä(Θ\Υ)∪Λ(s)).

(198)

The proof of the above 5 theorems goes by induction simultaneously on the size of domain sets.
For this, the partial order on domain sets is introduced. For every domain set D, we assign a tuple
of integers Size(D) = (|Di1 |, |Di2 |, ..., |Dit |), where Di1 , ..., Dit is the set of all different domains of D
ordered by their size starting from the largest. That is, if for two variables xi, xj we have Di = Dj ,
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these domains will be represented by one integer in Size(D), but for different domains Di ̸= Dj

such that |Di| = |Dj | there will be two equal integers. Then the lexicographic order on tuples of
integers induces a partial order on domain sets, i.e. we say that (a1, ..., ak) < (b1, ..., bl) if there exists
j ∈ {1, 2, ...,min(k + 1, l)} such that ai = bi for all i < j, and aj < bj or j = k + 1. That is,
(a1, ..., ak) < (b1, ..., bl) in two cases:

• these tuples are of any lengths and there is the first j < min(k + 1, l) such that aj < bj ;

• k < l and for all i ≤ k, ai = bi.

It follows from the definition that ≤ is transitive and there does not exist an infinite descending chain
of reductions. Also, duplicating domains does not affect this partial order, so the size of a domain
set of any covering of the instance is not larger than the size of a domain set of the instance. If
we consider any minimal (proper) one-of-four reduction D(1) of the instance with a domain set D(0),
then Size(D(1)) < Size(D(0)) since we reduce equal domains simultaneously. Further, we will use the
induction on the size of domain sets exclusively either for reductions of an instance or for instance and
its (expanded) coverings. We never compare domain sets of totally unrelated instances.

String induction can be formalized as follows. For every CSP instance Θ with domain set D = VÄ
we define two new sets Ddif,D, Dsize,D (here we suppose that none of the domains D0, ..., Dn−1 is
empty). First, we need to remove duplicated domains:

∀a < l, Ddif,D(0, a) ⇐⇒ D0(a)∧
∧∀0 < i < n, ∀a < l, Ddif,D(i, a) ⇐⇒ (Di(a) ∧ (∀j < i∃a < l,

(Di(a) ∧ ¬Ddif,D(j, a)) ∨ (¬Di(a) ∧Ddif,D(j, a))).
(199)

That is, if for any i < n such that there is j < i, Di = Dj , we define Ddif,D,i to be an empty set.
Ddif,D exists due to Σ1,b

1 -induction up to n. Based on this set, we define Dsize,D using the census
function:

∀i < n,∀s < l, Dsize,D(i, s) ⇐⇒ #Ddif,D,i = s. (200)

Then we can sort a given sequence of natural numbers Dsize,D using a number function rank(i, n −
1, Dsize,D), where s = rank(i, n − 1, Dsize,D) is the number that appears at the ith position when
Dsize,D is sorted in non-increasing order (see [6]):

∀i < n,∀s < l, D≥size,D(i, s) ⇐⇒ s = rank(i, n− 1, Dsize,D). (201)

The formalization of the order on domain sets is straightforward (at the end of the string D≥size,D
there could be 0s, but this does not affect the order). We will denote this order between strings by
≤size. It is easy to see that if we view a string X as a number

∑︁
iX(i)2i, then for any two domain

sets D,D′ such that either Θ′ is a minimal reduction of the CSP instance Θ or Θ′ ∈ ExpCov(Θ),

D≥size,D′ ≤size D≥size,D =⇒
∑︂
i

D≥size,D′(i)2i ≤
∑︂
i

D≥size,D(i)2i.

The problem can arise only if we compare the domain sets of two completely unrelated instances (for
example, D≥size,D(x) ⇐⇒ x = ⟨0, l⟩ (all domains are A, |A| = l) and D≥size,D′(i, l− 1) for all i < n),
but we never do. Thus, here we can use the order on strings (viewed as the binary representation of
numbers), successor function, and string minimization axiom (see [6]).

It turns out that one can reduce string induction in this case to number induction. We again
consider sets Ddif,D and Dsize,D. Since we work in a fixed algebra A = (A,Ω) of size l, there are
k0 ≤ t domains of size 0, k1 ≤ t domains of size 1, k2 ≤ t domains of size 2,...,kl ≤ t domains of size l,
with k0 + ...+ kl = t ≤ n, where t is the number of different domains of the instance,

t = #Ddif,D.
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Then let us define l sets, K1,K2, ...,Kl in the following way:

Ks(0, 0) ∧ ∀0 < i < n, ∀r < t, (Ks(i− 1, r) ∧D≥size,D(i, s) → Ks(i, r + 1))∧
∧(Ks(i− 1, r) ∧ ¬D≥size,D(i, s) → Ks(i, r)).

(202)

Such sets exist due to Σ1,b
1 -induction. Define k0 := 0 and ks = seq(n − 1,Ks) for every 0 < s ≤ l.

Then the tuple

size(D) = ⟨kl, kl−1, ..., k0⟩ = ⟨...⟨⟨kl, kl−1⟩, kl−2⟩, ..., k0⟩ < (n(l + 1) + 1)2l+1
(203)

codes the size of the domain set D by one integer.
It is easy to see that for any Θ′ ∈ ExpCov(Θ), ⟨k′

l, k
′
l−1, ..., k

′
0⟩ ≤ ⟨kl, kl−1, ..., k0⟩. Consider a

minimal reduction D′ of D, suppose that we reduced one domain Dij from the list Di1 , ..., Dit of the
size q to the size p. Thus, the tuple coding the size of D′ is

⟨kl, ..., kq − 1, ..., kp + 1, ..., k0⟩.

Recall the ordering property of the pairing function

⟨x1, x2⟩ < ⟨y1, y2⟩ ⇐⇒ x1 + x2 < y1 + y2 ∨ x1 + x2 = y1 + y2 ∧ x2 < y2. (204)

Since we never consider the trivial case with domains of size 1, there must be at least three integers,
⟨k2, k1, k0⟩, and we never decrease k1. Thus, for each reduction D′ we have the following situation:

⟨...⟨⟨...⟨a, kq − 1⟩, ...⟩, kp + 1, ..., ⟩k0⟩

for some a ≥ 0, kq > 1. Since
⟨a, kq⟩ − ⟨a, kq − 1⟩ = a+ 1 + kq,

for any b > ⟨0, 1⟩ and any b > c ≥ 0 we have ⟨c, kp + 1⟩ < ⟨b, kp⟩. It follows that for any two domain
sets D,D′ such that either Θ′ is a minimal reduction of CSP instance Θ or Θ′ ∈ ExpCov(Θ)

⟨k′
l, k

′
l−1, ..., k

′
0⟩ < ⟨kl, kl−1, ..., k0⟩.

Thus, we can use the standard number induction axiom available in W 1
1 .

Lemma 44. For any CSP instance Θ, the induction in size(D) follows in W 1
1 .

The proof of all theorems goes simultaneously by induction on the size of the domain sets. We
assume that formulas T9.5, T9.6, and T9.7 hold in instances Θ with a domain set D(0) if Size(D(0)) <
Size(D(⊥)), and formulas T9.8 and T9.9 hold in instances Ψ with a domain set D(s) if Size(D(s)) <
Size(D(⊥)). The induction step proves the formulas T9.5, T9.6, T9.7 in instances Θ with a domain
set D(0) if Size(D(0)) = Size(D(⊥)), and the formulas T9.8 and T9.9 in instances Ψ with a domain
set D(s) if Size(D(s)) = Size(D(⊥)). Consider the following ΣB

1 -formula ϕ:

ϕ(t) := T.9.5(Θ, D(1)
Θ ,Λ, X) ∧ T9.6(Θ, D(1)

Θ ) ∧ T9.7(Θ, D(1)
Θ )∧

∧T9.8(Ψ,ΨStr) ∧ T9.9(Ψ,ΨStr,Υ, X)∧

∧size(D(1)
Θ ) = t ∧ size(D(s)

Ψ ) = t.

(205)

With the application of the Strong Induction Scheme,

∀x
(︁
(∀t < xϕ(t)) → ϕ(x)

)︁
→ ∀zϕ(z), (206)

we can formulate the following result.

Theorem 21. Theory W 1
1 proves Theorems 16, 17, 18, 19 and 20.
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It follows immediately from Theorem 18 that W 1
1 proves three universal algebra axiom schemes.

Theorem 22. For any fixed relational structure A which corresponds to an algebra with WNU op-
eration and therefore leads to a p-time-solvable CSP, the theory W 1

1 proves universal algebra axiom
schemes BAA-axioms, CRA-axioms, and PCA-axioms.

This, together with Theorem 2, proves Theorem 1:

Theorem 1 (The main theorem). For any relational structure A such that CSP(A) is in P :
1. The theory W 1

1 proves the soundness of Zhuk’s algorithm. That is, the theory proves the formula
RejectA(X ,W ) =⇒ ¬HOM(X ,A).

2. There exists a p-time algorithm F such that for any unsatisfiable instance X , i.e. such that ¬HOM(X ,A),
the output F (X ) of F on X is a propositional proof of the proposition translation of formula ¬HOM(X ,A)
in propositional calculus G.

5 Conclusion
We have shown that Zhuk’s algorithm, solving any tractable CSP(A) in polynomial time, may be
augmented so that it also provides independent witnesses – propositional proofs – for negative answers.
Witnesses of the non-existence of a solution, i.e. the non-existence of a homomorphism for relational
structures, are proofs in the propositional proof system G. To achieve this, we proved the soundness
of Zhuk’s algorithm in the theory of bounded arithmetic W 1

1 . More precisely, we based on our results
in [8] and formalized the proofs of Theorems 9, 10, and 11 in [21].

In Section 3 we first formalized in the third-sorted setting all the universal algebra notions used
in the proof and then, in Section 4, showed the formalization of the proofs of theorems and lemmas
themselves, concentrating on the key statements and arguments in [21]. We did not treat those
statements whose formalization is straightforward by literally translating the original notions into
bounded arithmetic language: the formalization of proofs would just exactly repeat the universal
algebra reasoning of Zhuk’s paper (although we have considered a few examples of those too). Also,
we did not consider proofs that require nothing that thorough and tedious formalization of all tiny
details in V 1, though they require a lot of imagination from a universal algebra point of view. Our goal
was not to mechanically rewrite all the proofs in the language of the theory of bounded arithmetic.
Instead, we wanted to clearly show the idea of formalization and treat notions and statements whose
formalization needs some additional insight.

As far as we could, we tried to keep the formalization, even for exponentially large objects, at the
second-sorted level, working with definitions of the objects rather than with the objects themselves.
For this, we used some tricks and simplifications that were allowed by the fact that although some
universal algebraic statements hold in general, we needed to treat only the special instances applied
in [21], i.e. related to the objects formed from bottom to top from the domains for variables and
constraint relations. If we could stay in the second-order setup all the way, our formalization would
stay in theory V 1, which corresponds to the Extended Frege system. However, eventually, we still were
forced to use third-order objects since even elementary (and seems to be unavoidable) from a universal
algebra point of view reasoning about factor algebras when algebra is not a constant product requires
exponential size.

The most interesting open question is whether the formalization of the algorithm in a weaker theory
of bounded arithmetic is possible and whether it can be done without changes in the level of Zhuk’s
proof of the CSP dichotomy itself. Bulatov [5] uses different methods of universal algebra to prove the
dichotomy, so the problem of formalizing Bulatov’s algorithm in a theory of bounded arithmetic is an
open problem of particular interest. Another question is to study some smaller tractability classes of
CSP, such as CSPs with Mal’tsev polymorphisms, few subpowers, and so forth.

The bounded formulas involved in the formalization are sometimes quite long. It may be that a
formalization that does not use formal arithmetic, but rather one of the modern (computer-oriented)
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systems for formalization, namely proof assistants, such as Lean or Isabelle, would be more suitable
for this. However, the link between these systems and propositional logic is currently missing. We
think this could be another interesting avenue for future research.

Acknowledgments: I would like to thank Jan Krajíček for helpful comments that resulted in many
improvements to this paper. I thank Michael Kompatscher for a number of discussions on universal
algebra.
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